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Lqvlgh dqg Rxwvlgh Ildw Prqh|/
Jdlqv wr Wudgh/ dqg LVOP
Sudghhs Gxeh|Wdqg Mrkq Jhdqdnrsorv_
Mxqh 5:/ 5334

Devwudfw
Zh exlog d rqh0shulrg jhqhudo htxloleulxp prgho zlwk prqh|1 Htxloleulxp
h{lvwv/ dqg dw prqh| kdv srvlwlyh ydoxh/ dv orqj dv wkh udwlr ri rxwvlgh prqh| wr
lqvlgh prqh| lv ohvv wkdq wkh jdlqv wr wudgh dydlodeoh dw dxwdun|1 Zh vkrz wkdw
wkh qrplqdo hhfwv ri jryhuqphqw vfdo dqg prqhwdu| srolf| fdq eh frpsohwho|
ghvfulehg e| d gldjudp lghqwlfdo lq irup wr wkh LVOP fxuyhv lqwurgxfhg e| Klfnv
wr ghvfuleh Nh|qhv* jhqhudo wkhru|1 LVOP dqdo|vlv lv wkxv qrw lqfrpsdwleoh zlwk
ixoo pdunhw fohdulqj/ pxowlsoh frpprglwlhv/ dqg khwhurjhqhrxv krxvhkrogv1 Zh
vkrz wkdw dv wkh jryhuqphqw ghflw dssurdfkhv d qlwh wkuhvkrog/ k|shulq dwlrq
vhwv lq +sulfhv frqyhujh wr lqqlw| dqg uhdo wudgh froodsvhv,1 Li wkh jryhuqphqw
vxusoxv lv wrr odujh/ wkh hfrqrp| hqwhuv d oltxlglw| wuds lq zklfk qrplqdo JQS
vlqnv dqg prqhwdu| srolf| lv lqhhfwxdo1
Nh|zrugv= Fhqwudo edqn/ jdlqv wr wudgh/ lqvlgh prqh|/ LV0OP/ rxwvlgh prqh|
MHO Fodvvlfdwlrq= G83/ H73/ H83/ H8;
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Lqwurgxfwlrq

Wkh sxusrvh ri prqh| lv wr idflolwdwh wudgh1 Li wkhuh duh qr srwhqwldo jdlqv wr wudgh/
wkhq dw prqh| fdqqrw kdyh ydoxh1 Wklv srlqw kdv orqj ehhq uhfrjql}hg/ exw qhyhu
txdqwlhg1 Krz elj pxvw wkh jdlqv wr wudgh ehB
Pdq| dxwkruv frqvwuxfw prghov wkdw hqvxuh d srvlwlyh ydoxh ri prqh| e| reoljlqj
vrph djhqwv/ hlwkhu wkh jryhuqphqw ru wkh krxvhkrogv wkhpvhoyhv/ wr vhoo vrphwklqj
ydoxdeoh iru prqh|1 Iru h{dpsoh/ Oxfdv ^5;`/ ^5<`/ dqg d orqj olwhudwxuh iroorzlqj klp
+h1j1/ PdjlooTxql}ll ^63`/ Ndudw}dvVkxelnVxgghuwk ^58`,/ dvvxph wkdw doo djhqwv
pxvw vhoo wkhlu hqwluh hqgrzphqw ri frpprglwlhv iru prqh|1 Ohuqhu ^59`/ dqg odwhu
Khoohu ^56` dqg EdodvnrVkhoo ^5`/ dvvxph wkdw wkh jryhuqphqw udlvhv wd{hv sd|deoh lq
prqh|1 Lq hhfw wkh jryhuqphqw lv reoljhg wr rhu uholhi iurp wd{hv lq h{fkdqjh iru
prqh|1
W
_

VXQ\/ Vwrq|eurrn1
Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1
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Lq wkh odqjxdjh zh vkdoo ghyhors/ rqh fdq uhlqwhusuhw wklv lqyroxqwdu| wudgh dv
yroxqwdu|/ exw frqgxfwhg lq wkh suhvhqfh ri lqqlwh jdlqv wr wudgh1 Iru h{dpsoh/ dv
Oxfdv klpvhoi pruh ru ohvv srlqwv rxw/ lq d uhsuhvhqwdwlyh djhqw prgho zlwk d vlqjoh
jrrg/ rqh fdq sdlqw wkh hqgrzphqw ri hyhu| lqglylgxdo djhqw zlwk d glhuhqw froru/
dqg wkhq dvvxph wkdw qr djhqw zloo frqvxph klv rzq froru1 Wklv jlyhv ulvh wr dq
htxlydohqw hfrqrp| zlwk pxowlsoh frpprglwlhv dqg lqqlwh jdlqv wr wudgh14
Rxu uvw jrdo lv wr frqvwuxfw dqg fkdudfwhul}h d vfdodu phdvxuh +{, @   +{,
ri wkh uhdo jdlqv wr wudgh dydlodeoh lq dq hfrqrp|/ zlwk xwlolwlhv x/ dw dq duelwudu|
doorfdwlrq ri jrrgv {1 Wkh phdvxuh lv dq dowhuqdwlyh wr Gheuhx*v frh!flhqw ri uhvrxufh
doorfdwlrq +{,= +{, txdqwlhv wkh joredo jdlqv wr wudgh dw {/ zkloh +{, txdqwlhv
wkh orfdo jdlqv wr wudgh1 Zh fkdudfwhul}h +{, lq whupv ri d pd{lpdo f|foh ri wudghv1
Wkrxjk ghqhg hqwluho| e| wkh uhdo vhfwru ri wkh hfrqrp|/ +{, lv lghdoo| vxlwhg wr
rxu vwxg| ri prqhwdu| htxloleulxp1
Frqvlghu d pxowlsoh0jrrg hfrqrp| zlwk khwhurjhqhrxv xwlolwlhv x dqg hqgrzphqwv
h/ dv lq wkh wkhru| ri jhqhudo htxloleulxp1 Vxssrvh wkdw djhqwv duh hqgrzhg zlwk
rxwvlgh dw prqh| p/ dqg fdq eruurz lqvlgh dw prqh| P iurp d fhqwudo edqn1
Vxssrvh dovr wkdw dw prqh| lv wkh vroh phglxp ri h{fkdqjh/ vr wkdw djhqwv pxvw
sd| dw prqh| lq dgydqfh iru wkhlu sxufkdvhv ri jrrgv1 Exw doo dfwlrqv duh sxuho|
yroxqwdu|= qr djhqw lv irufhg wr vhoo klv hqgrzphqw/ ru wr eruurz iurp wkh edqn1
Zh suryh wkdw d prqhwdu| htxloleulxp h{lvwv lq zklfk prqh| kdv ydoxh zkhqhyhu
+h, A p@P1 Li xwlolwlhv duh vhsdudeoh/ wkh frqglwlrq lv wljkw= prqhwdu| htxlole0
ulxp idlov wr h{lvw li +h,  p@P1 Wklv pdnhv suhflvh wkh olqn ehwzhhq prqhwdu|
htxloleulxp dqg jdlqv wr wudgh1
Ildw prqh| kdv ehhq fdoohg d fuhdwxuh ri wkh vwdwh/ vlqfh qrerg| hovh fdq fuhdwh
5
lw1 Zkhq wkh vwdwh lqmhfwv lw +yld d fhqwudo edqn, lqwr wkh sulydwh vhfwru lq h{fkdqjh
iru dvvhwv surplvlqj wkh ixwxuh gholyhu| ri prqh|/ lwv duulydo iruhvkdgrzv lwv ghsdu0
wxuh/ dqg zh fdoo lw lqvlgh dw prqh|1 Prqh| lqmhfwhg e| wkh vwdwh lqwr wkh sulydwh
vhfwru dv d wudqvihu/ ru lq h{fkdqjh iru d frpprglw| +zklfk jlyhv qr fodlp rq ixwxuh
uhsd|phqw,/ lv fdoohg rxwvlgh dw prqh|1 Rxu ghqlwlrqv ri lqvlgh dqg rxwvlgh dw
prqh| duh wdnhq iurp Jxuoh| dqg Vkdz ^54`1 Wkh| vwdqg lq frqwudvw wr wkh lqvlgh
prqh| xvhg e| vrph dxwkruv wr ghvfuleh sulydwh LRX qrwhv zklfk fdq eh ixuwkhu
flufxodwhg1 Ildw prqh| lq rxu prgho fruuhvsrqgv wr wkh juhhq sdshu xvhg dv fdvk lq
wkh uhdo hfrqrp|1 +Zh dvvxph wkhuh lv qr rwkhu prqh|1, Doo fdvk ri frxuvh orrnv wkh
vdph/ uhjdugohvv ri zkhwkhu lw zdv ruljlqdoo| lqmhfwhg dv lqvlgh prqh| ru dv rxwvlgh
prqh|1 Exw/ lq rxu prgho/ wkh ruljlq ri wkh prqh| sod|v d fulwlfdo uroh lq ghwhuplq0
lqj wkh hqgrjhqrxv uhdo dqg prqhwdu| yduldeohv lq htxloleulxp16 Nhhslqj wkh wrwdo
prqh| frqvwdqw/ exw vkliwlqj sduw ri lw iurp rxwvlgh wr lqvlgh zloo qhfhvvdulo| dowhu
uhodwlyh sulfhv dqg wkh doorfdwlrq ri jrrgv/ dv zhoo dv wkh lqwhuhvw udwh dqg wkh sulfh
4
Li djhqwv zhuh reoljhg wr vhoo d iudfwlrq k : f ri wkhlu hqgrzphqw iru prqh|/ zh frxog vwloo
uhlqwhusuhw wkh vlwxdwlrq dv lqqlwh jdlqv wr wudgh +sdlqwlqj rqo| wkh sruwlrq wkdw pxvw lqyroxqwdulo|
eh vrog,1
5
Vhh Ohuqhu ^59`1
6
Pdq| dxwkruv hpskdvl}h rqh ri rxwvlgh ru lqvlgh prqh| dw wkh h{shqvh ri wkh rwkhu1 Exw lw lv
wkh lqwhusod| ehwzhhq wkhp wkdw jlyhv ulvh wr pdq| ri wkh skhqrphqd wkdw irup wkh irfxv ri wklv
sdshu1
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ohyho1
Lq d qlwh krul}rq hfrqrp|/ wkhuh lv d orqj0vwdqglqj sx}}oh derxw krz wr jxdudqwhh
wkdw rxwvlgh prqh| kdv srvlwlyh ydoxh +riwhq fdoohg wkh Kdkq sdudgr{,1 Wkh sdudgr{
dulvhv ehfdxvh krxvhkrogv gr qrw zdqw wr krog prqh| dw wkh hqg17
Wkh fhqwudo edqn lv slyrwdo lq uhvroylqj wkh Kdkq sdudgr{ lq rxu prgho1 Prqh|
fdq kdyh ydoxh hyhq lq qlwh krul}rq ehfdxvh djhqwv zkr eruurz P iurp wkh fhqwudo
edqn dw lqwhuhvw udwh u A 3 pxvw uhwxuq +4 . u,P A P1 Li u @ p@P/ doo wkh rxwvlgh
prqh| p zloo eh sxoohg rxw dorqj zlwk wkh lqvlgh prqh| P 1 Rq wkh rwkhu kdqg/
djhqwv duh qrw reoljhg wr eruurz dq| prqh| iurp wkh edqn1 Xqohvv prqh| douhdg|
kdv ydoxh/ zk| vkrxog wkh|B Zlwk wkh voljkwhvw wudqvdfwlrqv frvw/ wkh| zrxogq*w1
Wkxv wkh edqn grhv qrw lq dqg ri lwvhoi hqvxuh wkdw prqh| kdv ydoxh1 Vrphwklqj
pruh lv qhhghg1 Lw wxuqv rxw wr eh suhflvho| rxu jdlqv wr wudgh k|srwkhvlv1
Lq wklv sdshu zh frqqh rxuvhoyhv wr d rqh0shulrg vhwwlqj1 Wklv kdv wzr dgydq0
wdjhv1 Iluvw/ lw vkrzv wkdw lw lv srvvleoh wr ghyhors d wkhru| ri dw prqh| zlwk d
qlwh krul}rq1 Rqh fdq exlog wuxo| frpsxwdeoh prghov zlwk khwhurjhqhrxv djhqwv
dqg pxowlsoh frpprglwlhv1 Lq vwrfkdvwlf lqqlwh krul}rq prghov wklv lv qhduo| lp0
srvvleoh/ zlwkrxw uhvruwlqj wr khurlf dvvxpswlrqv vxfk dv vwdwlrqdulw|/ d uhsuhvhq0
wdwlyh frqvxphu/ dqg rqh ru wzr frqvxpswlrq jrrgv1 Wkh fxuvh ri glphqvlrqdolw|
ehfrphv hvshfldoo| vhyhuh zkhq rqh frqvlghuv lqwhuqdwlrqdo wudgh dqg pxowlsoh fxu0
uhqflhv1 Rxu dssurdfk surylghv d wudfwdeoh dowhuqdwlyh1 +Vhh JhdqdnrsorvWvrprfrv
+4<<9,/ JhdqdnrsorvNxeohu +4<<<, iru dssolfdwlrqv ri wklv phwkrgrorj|1,
Wkh vhfrqg dgydqwdjh ri wkh rqh0shulrg prgho lv wkdw vhyhudo pdfurhfrqrplf
skhqrphqd douhdg| hphujh zklfk duh ydolg zlwk pxowlsoh shulrgv dqg xqfhuwdlqw|/ exw
fdq eh eurxjkw rxw prvw fohdqo| e| dyrlglqj wkh dgghg frpsolfdwlrqv ri lqwhuwhpsrudo
wudgh1 Wkhvh skhqrphqd lqfoxgh= +4, wkh olqn ehwzhhq wkh ydoxh ri prqh| dqg jdlqv
wr wudgh> +5, jhqhulf qlwhqhvv ri htxloleulxp +lq frqwudvw wr prghov zlwk rqo| lqvlgh
prqh|/ vxfk dv Fdvv ^8`> EdodvnrFdvv ^4`/ JhdqdnrsorvPrv0Frohoo ^4:`,> +6, wkh
qrq0qhxwudolw| ri lqvlgh dqg rxwvlgh prqh|/ zkhq hdfk lv ydulhg e| lwvhoi/ lq frqwudvw
wr wkh fodvvlfdo glfkrwrp|> +7, wkh Sduhwr lqh!flhqf| ri prqhwdu| htxloleulxp>
+8, k|shulq dwlrq zlwk erxqghg vwrfn ri prqh|> +9, oltxlglw| wuds> +:, LV0OP1 Doo
wkhvh skhqrphqd duh hvwdeolvkhg khuh iru wkh rqh0shulrg prgho/ wr wkh vdph ghjuhh
ri jhqhudolw| dv lq DuurzGheuhx1 Wkh| doo fduu| ryhu wr vwrfkdvwlf qlwh krul}rq
prghov/ dqg hyhq wr vwrfkdvwlf ROJ prghov/ zlwk wkh h{fhswlrq wkdw LV0OP ehfrphv
pxfk vxewohu dqg jhqhulf qlwhqhvv idlov lq vwrfkdvwlf ROJ1
Lq rxu iruwkfrplqj zrun zh xvh wkh rqh0shulrg prgho dv d exloglqj eorfn ri d
jhqhudo dssurdfk wkdw lq wxuq frqvlghuv pxowlsoh shulrgv zlwkrxw xqfhuwdlqw|/ wkhq
zlwk xqfhuwdlqw|/ dqg qdoo| lqqlwh krul}rq vwrfkdvwlf ryhuodsslqj jhqhudwlrqv prg0
hov ri prqh| +Gxeh|Jhdqdnrsorv +5334d/ e/ f,1 Lw lv wuxh wkdw wkh wkhru| ri prqh|
lqwhuhvw ehfrphv wulyldo +l1h1/ lqghshqghqw ri wkh uhdo vhfwru, lq wkh rqh0shulrg vhwwlqj1
Hylghqwo| wkhuh fdq eh qr suhfdxwlrqdu| ru vshfxodwlyh ghpdqg iru prqh|/ rqo| d
7
Wkhuh duh dovr prghov ri dw prqh| lq htxloleulxp wkdw kdyh rqo| lqvlgh prqh| +vhh Vkxeln
Zlovrq ^65`/ Fdvv ^8`/ EdodvnrFdvv ^4`/ Jhdqdnrsorv0Pdv0Frohoo ^4:`/ dqg Gxeh|Vkdsoh| ^47`,1 Eh0
zoh| ^6`/ ^7` dqg Ohylqh ^5:` olqn wkh h{lvwhqfh ri prqhwdu| htxloleulxp lq dq lqqlwh krul}rq prgho
wr wkh suhfdxwlrqdu| ghpdqg iru prqh| dqg wkhuhiruh wr wkh lqh!flhqf| ri wkh doorfdwlrq zlwkrxw
prqh|1 Wkh| gr qrw rhu d phdvxuh ri jdlqv wr wudgh1
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wudqvdfwlrqv ghpdqg1 Lq htxloleulxp/ wkh lqwhuhvw udwh pxvw eh u @ p@P/ dv zh
douhdg| srlqwhg rxw1 Exw rqfh zh frqqhfw pdq| rqh0shulrg prghov lq d vwrfkdvwlf
pxowlsoh0shulrg prgho/ wkhvh rwkhu ghpdqgv iru prqh| duh uhlqvwdwhg dqg d whup
vwuxfwxuh ri lqwhuhvw udwhv qdwxudoo| hphujhv1
Exw hyhq lq wkh rqh0shulrg vhwwlqj ri rxu prgho/ sulfhv uh hfw d vxewoh lqwhudfwlrq
ehwzhhq wkh uhdo vhfwru +x> h, dqg wkh prqhwdu| vhfwru +p> P, ri wkh hfrqrp|1 Zh
suryh wkdw wkh sulfh ohyho lv qrw d prqrwrqlf ixqfwlrq ri wkh prqh| vxsso|= lw lv
X0vkdshg lq P/ {lqj p1 Dv P jrhv wr lqqlw|/ sulfh ohyhov zloo jr wr lqqlw|/ hyhq0
wxdoo| jlylqj phuho| qrplqdo lq dwlrq zlwk olwwoh hhfw rq uhdo wudghv dqg sulfh udwlrv1
Krzhyhu/ dv P glplqlvkhv +kroglqj p {hg,/ sulfhv zloo vwrs ghfolqlqj dqg vwduw wr
ulvh1 Dv P ghfolqhv vwloo ixuwkhu wr vrph qlwh wkuhvkrog P W +p, A 3/ sulfh ohyhov
dffhohudwh wr lqqlw| dqg wudgh fudvkhv/ lq zkdw zh fdoo d k|shulq dwlrq1 Wklv phdqv
wkdw zkhq prqh| lv pxfk wrr wljkw/ hdvlqj wkh edqn prqh| P zloo lqfuhdvh rxwsxw
+wudgh, dqg uhgxfh wkh sulfh ohyho1 Wljkwhqlqj hyhq ixuwkhu zloo kdyh wkh sdudgr{lfdo
frqvhtxhqfh ri vwduwlqj d k|shulq dwlrq1 Pdq| prghov doprvw d{lrpdwlfdoo| dvvxph
wkdw rxwsxw dqg lq dwlrq pxvw jr lq wkh vdph gluhfwlrq/ dv lq wkh Skloolsv fxuyh1
Wkdw uhjlph rffxuv lq rxu prgho rqo| zkhq lqvlgh prqh| lv vx!flhqwo| dexqgdqw1
Zh uvw suhvhqw wkhvh uhvxowv lq d vwulsshg0grzq rqh0shulrg prgho lq zklfk d
fhqwudo edqn lqmhfwv d {hg vwrfn ri lqvlgh prqh| lqwr wkh hfrqrp| lq h{fkdqjh
iru erqgv surplvlqj prqh| dw wkh hqg ri wkh shulrg1 Wkh Wuhdvxu| eudqfk ri wkh
jryhuqphqw grhv qrwklqj hovh exw jlyh d {hg vwrfn ri rxwvlgh prqh| iuhh dqg fohdu
wr krxvhkrogv/ zkr wuhdw lw dv sduw ri wkhlu hqgrzphqw1
Lq rxu vhfrqg prgho/ zh hvk rxw wkh Wuhdvxu|/ jlylqj wkh jryhuqphqw yh srolf|
lqvwuxphqwv= wkh vwrfn ri edqn prqh|/ wkh vxsso| ri jryhuqphqw erqgv/ oxps vxp
wudqvihuv wr krxvhkrogv/ h{shqglwxuhv rq lqsxwv iru wkh surgxfwlrq ri sxeolf jrrgv/
dqg dg ydoruhp wd{hv1 Zh fdq qrz uhlqwhusuhw wkh k|shulq dwlrq lq whupv ri wkh
jryhuqphqw ghflw1 Dv wkh Wuhdvxu| ghflw dssurdfkhv d qlwh wkuhvkrog/ k|shulq0
dwlrq vhwv lq zkhuh sulfhv jr wr lqqlw| dqg wudgh fudvkhv1 Li wkh Wuhdvxu| uxqv d
odujh exgjhw vxusoxv/ lw zloo sxvk wkh hfrqrp| lqwr d oltxlglw| wuds zkhuh wkh lqwhuhvw
udwh lv }hur/ dqg zkhuh vpdoo fkdqjhv lq jryhuqphqw prqhwdu| srolf| kdyh qr hhfw
zkdwvrhyhu1
Wkh hhfwv ri wkh jryhuqphqw*v srolf| wrrov rq djjuhjdwh qrplqdo yduldeohv fdq eh
frpsohwho| ghvfulehg e| d judsklfdo iudphzrun qhduo| lghqwlfdo lq irup wr wkh LVOP
gldjudp xvhg e| Klfnv lq irupdol}lqj Nh|qhv* prgho1 Wklv vkrzv wkdw wkhuh lv qrwklqj
lqfrpsdwleoh ehwzhhq LVOP dqg ixoo pdunhw fohdulqj dqg udwlrqdo h{shfwdwlrqv1 Zh
dovr ghvfuleh wkh hhfwv ri jryhuqphqw srolf| rq zhoiduh/ frqvxpswlrq/ dqg rq sulfh
ohyhov/ dqg vkrz wkdw lq whupv ri uhdo yduldeohv/ wkh yh srolf| lqvwuxphqwv dfklhyh
qrwklqj pruh wkdq lv dydlodeoh e| xvlqj dq| wzr ri wkhp= h1j1/ rshq pdunhw rshudwlrqv
dqg jryhuqphqw vshqglqj rq frpprglwlhv e| sulqwlqj prqh|1
Rxu LVOP gldjudp jlyhv d pdfurhfrqrplf slfwxuh ri qrplqdo lqfrph dqg wkh
qrplqdo lqwhuhvw udwh lq d jhqxlqh plfurhfrqrplf prgho1 Lw lv uhpdundeoh wkdw dq
hfrqrp| zlwk pdq| khwhurjhqhrxv frqvxphuv dqg frpprglwlhv fdq eh idlwkixoo|
vxppdul}hg e| d wzr0glphqvlrqdo gldjudp1 Wklv lv srvvleoh ehfdxvh zh xvh qrplqdo
lqfrph/ qrw uhdo lqfrph/ lq rxu LVOP htxdwlrqv/ dqg ehfdxvh wkhuh lv rqo| rqh
7

shulrg lq rxu prgho1 Wkh khwhurjhqhlw| ri frqvxphu wdvwhv lv vxssuhvvhg/ ehfdxvh
hyhu| frqvxphu zdqwv wr vshqg doo klv prqh| lqfrph dw wkh vdph wlph1
Wkh vxewohw| ri prqhwdu| htxloleulxp lv dwwhqxdwhg lq rxu prgho e| wkh uhvwulfwlrq
wr rqh shulrg zlwkrxw xqfhuwdlqw|1 Pdunhw fohdulqj lq wkh jrrgv pdunhwv/ qdpho| wkdw
djjuhjdwh h{shqglwxuh htxdov djjuhjdwh lqfrph +zklfk Klfnv fdoohg wkh LV htxdwlrq,/
ehfrphv pxfk ohvv lqwhuhvwlqj zkhq lw orvhv wkh lqyhvwphqw dqg vdylqjv frpsrqhqwv
iurp zklfk lwv qdph ghulyhv1 Vlploduo| prqh| pdunhw fohdulqj +zklfk Klfnv fdoohg
wkh OP htxdwlrq, orvhv pxfk ri lwv frpsoh{lw| ehfdxvh lq d rqh0shulrg prgho zh fdq
uhwdlq rqo| wkh wudqvdfwlrqv ghpdqg iru prqh|/ qhfhvvdulo| ljqrulqj wkh suhfdxwlrq0
du| ghpdqg dqg vshfxodwlyh ghpdqg1 Lq frpsdqlrq sdshuv zh ghvfuleh prqhwdu|
htxloleulxp lq wlph ^43`/ zklfk lqwurgxfhv vdylqjv dqg lqyhvwphqw prwlyhv dqg hq0
grjhql}hv wkh yrodwlolw| ri prqh|/ dqg htxloleulxp zlwk xqfhuwdlqw| ^<`/ lq zklfk wkh
vshfxodwlyh dqg suhfdxwlrqdu| ghpdqgv iru prqh| uhdsshdu/ dqg lq zklfk d oltxlglw|
wuds fdq dulvh zlwkrxw jryhuqphqw vxusoxv1 Zh dovr frpelqh wlph dqg xqfhuwdlqw|
lq dq lqqlwh krul}rq vhwwlqj lq ^44`1
D fuxfldo lqjuhglhqw ri rxu prgho lv wkh Forzhu ^9` fdvk0lq0dgydqfh frqvwudlqw zh
sxw rq doo wudqvdfwlrqv18 Lq rxu prgho ri prqh| dqg wlph ^43`/ zkhuh wkh wudglqj
urxqgv fdq frph hyhu| qdqrvhfrqg/ wklv lv d pxfk ohvv uhvwulfwlyh dvvxpswlrq/ dqg
prqhwdu| htxloleuld fdq vwloo eh vkrzq wr h{lvw1 Reylrxvo| pdq| wudqvdfwlrqv lq
wkh uhdo zruog duh fduulhg rxw e| fuhglw fdugv dqg e| fkhfnv/ dv zhoo dv yld prqh|1
Rqh ri wkh prvw lpsruwdqw yluwxhv ri rxu prgho lv wkdw e| pdnlqj wkh wudqvdfwlrqv
whfkqrorj| h{solflw +udwkhu wkdq vxevxplqj lw lq d uhgxfhg0irup xwlolw| ri prqh|,/ lw
ehfrphv vwudljkwiruzdug wr dgg fuhglw fdugv wr wkh prgho/ zklfk zh gr lq ^;`1 Wkhuh
zh qg wkdw fuhglw fdugv gr qrw ghvwur| wkh ydoxh ri prqh| +lqghhg htxloleulxp zlwk
d srvlwlyh ydoxh ri prqh| lv pruh olnho| wr h{lvw,1 Rq wkh rwkhu kdqg/ fuhglw fdugv gr
uhgxfh wkh ydoxh ri prqh|/ l1h1/ lwv sxufkdvlqj srzhu/ ohdglqj wr lq dwlrq1
Wkh lghd ri lqwurgxflqj dw prqh| lqwr jhqhudo htxloleulxp yld d edqn fdph
wr rxu dwwhqwlrq lq wkh zrun ri Pduwlq Vkxeln +vhh ^65`,1 Rxu frqwulexwlrq lv wr
frpelqh wkh lqvlgh prqh| ri wkh edqn zlwk rxwvlgh prqh|1 Zh uvw glg vr lq Gxeh|
Jhdqdnrsorv ^:`1 Wkhruhpv 5 dqg 6 iurp wklv sdshu/ frqqhfwlqj wkh jdlqv wr wudgh
zlwk wkh h{lvwhqfh ri prqhwdu| htxloleulxp dqg vkrzlqj wkh orfdo xqltxhqhvv ri prq0
hwdu| htxloleulxp/ douhdg| dsshduhg wkhuh1 Wkh rwkhu qlqh wkhruhpv/ dv zhoo dv d
vlpsohu h{lvwhqfh surri iru Wkhruhp 5/ dsshdu khuh iru wkh uvw wlph/ lqfoxglqj wkh
fkdudfwhul}dwlrq ri wkh phdvxuh +{, ri wkh jdlqv wr wudgh dw dq duelwudu| doorfdwlrq
{1

5

Wkh Prgho

Frqvlghu dq hfrqrp| lq zklfk prqh| lv wkh vroh phglxp ri h{fkdqjh1 Ixuwkhupruh/
vxssrvh wkdw wkhuh lv mxvw rqh urxqg ri wudgh ehwzhhq prqh| dqg frpprglwlhv1 Vlqfh
8
Wklv frqvwudlqw zdv xvhg dssur{lpdwho|/ exw qrw h{dfwo|/ e| Judqgprqw dqg \rxqhv +4<:5/
4<:6,1 Wkh| zhuh xqdeoh wr suryh wkh h{lvwhqfh ri htxloleulxp lq wkhlu lqqlwh krul}rq prgho1 Wkhlu
prgho kdg rqo| rxwvlgh prqh|/ dqg hvwdeolvkhg wkh lqvwdqfh ri d txdvl0htxloleulxp lq zklfk vrph
djhqwv glg qrw rswlpl}h1

8

wkh prqh| uhfhlswv iurp frpprglw| vdohv frph diwhu wkh urxqg lv ryhu/ ohw xv dgg wkh
srvvlelolw| ri eruurzlqj prqh| sulru wr wkh wudglqj urxqg dqg uhsd|lqj lw diwhu1 Wkxv
wkh shulrg lv glylghg lqwr wkuhh wlph lqwhuydov= eruurzlqj/ wudglqj/ dqg uhsd|lqj19
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Wkh Xqghuo|lqj Hfrqrp|

Zh uvw dqdo|}h d sxuh h{fkdqjh hfrqrp| zklfk kdv rqo| sulydwh jrrgv +frpprgl0
wlhv, O @ i4> ===> Oj1 +Odwhu zh vkdoo dgg d jryhuqphqw vhfwru dqg sxeolf jrrgv1, Wkh
djhqwv lq wkh hfrqrp| duh krxvhkrogv K @ i4> ===> Kj1 Hdfk k 5 K kdv dq hqgrzphqw

u
ri frpprglwlhv h 5 Uu
n dqg d xwlolw| ri frqvxpswlrq x = Un $ U1 Zh dvvxph=

5 K/ l1h1/ hyhu| krxvhkrog kdv dw ohdvw vrph hqgrzphqw +h1j1/
+d, h 9@ 3 iru doo k S
3/ l1h1/ hyhu| qdphg frpprglw| lv suhvhqw lq wkh
lwv rzq oderu,> +e, MM h
djjuhjdwh> +f, x lv frqwlqxrxv/ frqfdyh/ dqg vwulfwo| lqfuhdvlqj lq hdfk: yduldeoh/ iru
doo k 5 K1 Wkh xqghuo|lqj hfrqrp|/ zklfk frqvwlwxwhv wkh uhdo vhfwru ri rxu prgho/
lv ghqrwhg H  +x > h ,MM 1
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Prqh| dqg Edqn Ordqv

Prqh| lv dw dqg jlyhv qr gluhfw xwlolw| ri frqvxpswlrq wr wkh krxvhkrogv> wkh|
ydoxh prqh| rqo| lqvridu dv lw hqdeohv wkhp wr dftxluh frpprglwlhv iru frqvxpswlrq1
Prqh| hqwhuv wkh hfrqrp| lq wzr zd|v= dv sulydwh hqgrzphqw p  3 ri krxvhkrog
k 5 K dqg dv d vwrfn P A 3 dw d +fhqwudo, edqn1 Dsduw iurp krxvhkrogv/ wkh edqn lv
wkh rqo| rwkhu djhqw lq rxu prgho/ exw lw kdv d sdvvlyh uroh1 Lw vwdqgv uhdg| wr ohqg
P wr krxvhkrogv dw dq lqwhuhvw udwh wkdw lv ghwhuplqhg hqgrjhqrxvo| lq htxloleulxp1
Erwk p  ip jS
MM dqg P duh h{rjhqrxvo| {hg dv sduw ri wkh gdwd ri wkh prgho1
Wkh vxp p
  MM p frqvwlwxwhv wkh vwrfn ri rxwvlgh prqh|/ zklfk krxvhkrogv
rzq iuhh dqg fohdu ri ghew/ dw wkh vwduw ri wkh hfrqrp|1 Wkh edqn vwrfn P lv lqvlgh
prqh| dqg lv dozd|v dffrpsdqlhg e| ghew zkhq lw frphv lqwr krxvhkrogv* kdqgv1 Zh
ghqrwh wkh prqhwdu| hfrqrp| e| +H> p> P,  ++x > h > p ,MM > P,> dqg lwv sulydwh
vhfwru e| +H> p,  +x > h > p ,MM 1
Wkh shulrg/ dv zdv vdlg/ lv glylghg lqwr wkuhh wlph lqwhuydov1 Lq wkh uvw lqwhuydo/
krxvhkrogv eruurz prqh| iurp wkh edqn1 Lq hhfw/ krxvhkrogv vhoo LRX qrwhv ru
erqgv wr wkh edqn lq h{fkdqjh iru fdvk1 Lq wkh vhfrqg lqwhuydo/ wkh| vhoo frpprglwlhv
iru prqh| dqg vlpxowdqhrxvo| ex| jrrgv zlwk fdvk1 Lq wkh wklug lqwhuydo/ wkh| uhsd|
edqn ordqv zlwk prqh| dqg frqvxph1 Ghidxow lv qrw shuplwwhg1
Doo frpprglw| pdunhwv phhw vlpxowdqhrxvo| lq wkh vhfrqg lqwhuydo1 Krxvhkrogv
duh uhtxluhg wr sd| prqh| wr sxufkdvh frpprglwlhv dw wkh glhuhqw pdunhwv1; Lw lv
rqo| lq wkh wklug lqwhuydo/ diwhu wkhvh pdunhwv forvh/ wkdw uhyhqxh iurp wkh vdohv ri
frpprglwlhv frphv lqwr krxvhkrogv* kdqgv/ e| zklfk wlph lw lv wrr odwh wr xvh wklv
uhyhqxh iru sxufkdvhv1 Wkrvh krxvhkrogv zkr qg wkhlu hqgrzphqw p ri prqh|
9

Lq rxu frpsdqlrq sdshuv zh wdnh xs pxowlsoh wudglqj urxqgv/ xqfhuwdlqw|/ dqg lqqlwh krul}rq
^<`/ ^43`/ ^44`1
:
Vwulfw prqrwrqlflw| lv dvvxphg iru hdvh ri suhvhqwdwlrq/ dqg zloo eh zhdnhqhg +vhh Vhfwlrq 616,1
;
Lq dqrwkhu frpsdqlrq sdshu/ Fuhglw Fdugv dqg Prqh| ^;`/ zh doorz krxvhkrogv wr ex| rq
fuhglw/ dv zhoo dv zlwk fdvk1

9

lqvx!flhqw zloo qhhg wr eruurz prqh| iurp wkh edqn wr qdqfh sxufkdvhv/ dqg zloo
ghiud| wkh ordq rxw ri wkhlu vdohv uhyhqxh1<

516

Pdfuryduldeohv= Sulfhv dqg Txdqwlwlhv

Ohw s A 3 ghqrwh wkh sulfh ri frpprglw| c 5 O lq whupv ri prqh|/ dqg ohw u  3
ghqrwh wkh prqh| udwh ri lqwhuhvw rq wkh edqn ordq1 Prqh| lv eruurzhg e| vhoolqj
erqgv wr wkh edqn1 Hdfk erqg frqvwlwxwhv d surplvh wr sd| 4 groodu diwhu frpprglw|
wudgh1 Wkxv wkh sulfh ehiruh frpprglw| wudgh ri d erqg lv 4@+4 . u,1
Wkh yhfwru +s> u, 5 Uu
nn  Un zloo eh uhihuuhg wr dv pdunhw sulfhv1 Wkh sulfh ri
prqh| lv 4@s lq whupv ri frpprglw| c/ dqg +4 . u, lq whupv ri wkh erqg1 Wkh ydoxh
ri prqh| lv uh hfwhg e| wkhvh sulfhv1 Dv s $ 4/ prqh| orvhv doo ydoxh +lq whupv
ri frpprglwlhv,1 Dv u $ 4/ prqh|0qrz orvhv doo ydoxh +lq whupv ri prqh|0odwhu,
dqg dv u $ 4 prqh|0odwhu orvhv doo ydoxh +lq whupv ri prqh|0qrz,1 Lq wklv sdshu
rxu lqwhuhvw lv rq s/ vlqfh lw lv ghwhuplqhg e| wkh lqwhudfwlrq ri wkh uhdo vhfwru H dqg
prqhwdu| vhfwru +p> P, ri wkh hfrqrp|/ dqg qrw vr pxfk rq u/ zklfk lv ghwhuplqhg
hqwluho| e| wkh prqhwdu| vhfwru143
Zh ghqrwh prqh| e| p +zlwkrxw frqixvlqj lw zlwk wkh yhfwru p  +p > ===> pM , ri
krxvhkrog hqgrzphqwv, dqg erqgv e| e1 Vlqfh prqh| lv wkh vroh phglxp ri h{fkdqjh/
wkh yhfwru t  ri pdunhw dfwlrqv ri krxvhkrog k kdv 5O . 4 frpsrqhqwv +zkhuh c 5 O,=
  txdqwlw| ri erqgv vrog e| k wr wkh edqn iru prqh|
tK6
  prqh| vshqw e| k wr sxufkdvh c
t6
  txdqwlw| ri c vrog e| k iru prqh|
t6
+Lw lv hylghqw/ rq dffrxqw ri wkhlu ehlqj mxvw rqh shulrg/ wkdw qr krxvhkrog zrxog
lpsuryh lwv frqvxpswlrq e| ghsrvlwlqj prqh| dw wkh edqn wr hduq lqwhuhvw1 Vr/ zh
 1,
vxssuhvv ghsrvlwv/ l1h1/ wkh sxufkdvh ri erqgv t6K
E| uhdo S
lqfrph t zh phdq wkh yhfwru ri djjuhjdwh frpprglw| vdohv/ zlwk frpsr0
 1 E| qrplqdo lqfrph zh phdq wkh ydoxh ri uhdo lqfrph
qhqwv t @ MM t6
\ @st 

[ [

Mu MM

 =
s t6

Qrwlfh wkdw lqfrph fruuhvsrqgv wr vdohv dqg qrw wr hqgrzphqwv1 Vlqfh krxvhkrogv duh
qrw reoljhg wr vhoo wkhlu hqgrzphqwv/ uhdo lqfrph lv jhqxlqho| hqgrjhqrxv1 Qrplqdo
lqfrph dsshduv grxeo| hqgrjhqrxv/ vlqfh erwk s dqg t duh hqgrjhqrxv/ exw riwhq lw
fdq eh ghgxfhg iurp prqhwdu| frqvlghudwlrqv dorqh1
Luylqj Ilvkhu lqwurgxfhg d idprxv irupxod iru wkh yhorflw| ri prqh|/ y/ zklfk lq
rxu frqwh{w ehfrphv
+P . p,y
 @ s  t  \=
<
Wkh ordqv duh sxuho| vkruw0whup/ lqwudshulrg wudqvdfwlrqv ordqv1 Wklv lv rq dffrxqw ri wkh idfw
wkdw wkhuh lv rqo| rqh frqvxpswlrq shulrg lq wkh prgho1 Hovhzkhuh zh frqvlghu orqj0whup/ lqwhushulrg
ordqv lq d pxowlshulrg prgho1 Lq jhqhudo/ erwk nlqgv ri ordqv lqyroyh prqh| dqg fduu| zhljkw lq d
prghuq0gd| hfrqrp|1
43
Lq wkh pxowlshulrg vhwwlqj/ zklfk zh vwxg| lq ^43`/ wkhuh lv d whup vwuxfwxuh ri lqwhuhvw udwhv
ghwhuplqhg e| wkh lqwhudfwlrq ri wkh uhdo dqg prqhwdu| vhfwruv/ dqg rxu irfxv vkliwv wr erwk R dqg o1

:

Lq d rqh0shulrg prgho wkh yhorflw| ri prqh| lv qrw yhu| lqwhuhvwlqj1 Li doo wkh prqh|
lv vshqw/ wkhq y @ 4 dqg qrplqdo lqfrph lv ghwhuplqhg1 Li vrph ri wkh prqh| lv
xqvshqw/ y pd| eh ohvv wkdq 4 dqg \ ehfrphv hqgrjhqrxv1 Wklv kdsshqv lq rxu
prgho lq d oltxlglw| wuds +Vhfwlrq 4415,1
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Wkh Exgjhw Vhw ri d Krxvhkrog

Zh frqvlghu wkh fdvh ri d shuihfwo| frpshwlwlyh krxvhkrog vhfwru1 Hdfk k 5 K uhjdugv
pdunhw sulfhv +s> u, 5 Uu
nn  Un dv {hg +xqlq xhqfhg e| lwv rzq dfwlrqv,1 Wkh


exgjhw vhw E+s> u> h > p , frqvlvwv ri doo pdunhw dfwlrqv dqg frqvxpswlrqv +t  > { , 5
U2nun  Uu
n wkdw vdwlvi| wkh exgjhw frqvwudlqwv +4,/ +5,/ +8,/ dqg +6c,/ +7c,/ +9c, iru
 +t  > s, dqg p
 @ p
  +t  > u, duh ghwhuplqhg
doo c 5 O1 Wkh uhvlgxdo yduldeohv {
 @ {

dxwrpdwlfdoo| e| t / s/ u1
t
+4,
p
   K6
4.u
[
  p . p
t6

+5,
Mu

  h
t6


t
{
  6
s
[
  +5, .

s t6
tK6
Mu

 =
{  +6c, . {

+6c,
+7c,
+8c,
+9c,

Khuh +, lv wkh glhuhqfh ehwzhhq wkh uljkw dqg ohiw vlghv ri lqhtxdolw| +,1 Wkh
lqwhusuhwdwlrq lv fohdu= +4, vd|v wkdw krxvhkrog k eruurzv p
  grooduv e| surplvlqj wr


 erqgv> +5, vd|v
 grooduv diwhu frpprglw| wudgh/ l1h1/ e| vhoolqj tK6
sd| tK6 @ +4.u,p
wkdw wrwdo prqh| vshqw rq sxufkdvhv fdqqrw h{fhhg wkh prqh| rq kdqg/ l1h1/ prqh|
hqgrzhg soxv prqh| eruurzhg> +6c, vd|v wkdw qr krxvhkrog fdq vhoo pruh ri dq|
frpprglw| wkdq lw lv hqgrzhg zlwk> +7c, vd|v wkdw krxvhkrogv sxufkdvh frpprglwlhv
{
 zlwk prqh| dw pdunhw sulfhv s> +8, vd|v wkdw zh duh qrw shuplwwlqj ghidxow/ l1h1/
hyhu| krxvhkrog pxvw ixoo| gholyhu rq lwv erqgv> +9c, vd|v wkdw frqvxpswlrq fdqqrw
h{fhhg zkdw d krxvhkrog zlqgv xs zlwk diwhu wudgh1
Wkh exgjhw vhw ghvfulehv frqvwudlqwv rq wkh rzv ri prqh| dqg frpprglwlhv
wkdw d krxvhkrog pd| vhqg wr pdunhw1 Lpsolflwo|/ wkhvh rzv ghqh fkdqjhv lq wkh
krxvhkrog vwrfnv ri prqh| dqg frpprglwlhv diwhu wudgh1 Wkh exgjhw vhw hqvxuhv wkdw
wkh vwrfnv duh dozd|v qrqqhjdwlyh1
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Dqrwkhu Ylhz ri wkh Exgjhw Vhw

Zh ghqrwh wkh vhw ri exgjhw0ihdvleoh frqvxpswlrqv iru krxvhkrog k e|
2un

zlwk +t  > { , 5 E+s> u> h > p ,j=
E +s> u> h > p , @ i{ 5 Uu
n = <t 5 Un

;

Qrwh wkdw E lv krprjhqhrxv lq s/ p > l1h1/ iru dq|  A 3/
E +s> u> h > p , @ E +s> u> h > p ,=44
Zh fdq slfwxuh wkh exgjhw0ihdvleoh frqvxpswlrqv iru d krxvhkrog k/ hqgrzhg zlwk
prqh| dqg erwk jrrgv 4 dqg 5/ lq wkh gldjudp ehorz=

eh
2

mh
___
p2

p eh
_______
1 1
p (1 + r)
2
mh
e h ___
2 p
2
eh
2

eh
1

eh
1

___
mh
p1

eh
1

___
mh
p1

p eh
_______
2 2
p (1 + r)
1

Iljxuh 4= Exgjhw0Ihdvleoh Frqvxpswlrqv
Iru dq| wudgh yhfwru  5 Uu / dqg sulfhv +s> u, 5 Uu
n  Un / ghqh wkh frvw Fo +s>  ,
ri  e|
4
s W 
Fo +s>  , @ s W  
4.u
zkhuh  ghqrwhv grw surgxfw/ dqg

W   @ pd{i  > 3j
W   @  plqi  > 3j
jlyh wkh sxufkdvhv dqg vdohv lq  @W   W  =

Wkh frvw Fo +s>  , glvfrxqwv wkh uhyhqxh iurp vdohv e| wkh lqwhuhvw udwh/ vlqfh
prqh|0odwhu +duulylqj diwhu frpprglw| wudgh, lv zruwk ohvv wr wkh krxvhkrog wkdq
prqh|0qrz/ zklfk fdq eh xvhg iru frpprglw| sxufkdvhv1 Xvlqj wklv frvw ixqfwlrq
zh fdq uhsodfh wkh vl{ lqhtxdolwlhv ghvfulelqj wkh exgjhw vhw zlwk mxvw rqh/ dv Ohppd
4 vkrzv1
44
 ' ^  / ^ '
Lqghhg/ li E^  c %  M ERc oc e c 6 / wkhq E
^  c %  M EbRc oc e c b6  zkhuh ^6
6 K6
 dqg ^ ' b^  1
b^K6
6
6

<


u
Ohppd 4 Ohw +s> u, 5 Uu
nn  Un 1 Wkhq iru dq| { 5 Un

{ 5 E +s> u> h > p , / Fo +s> {  h ,  p =
Dq| qlwh krul}rq prgho zlwk rxwvlgh prqh|/ l1h1/ zlwk srvlwlyh hqgrzphqwv ri
dw prqh|/ pxvw vrphkrz glvvlsdwh wkh prqh| wkurxjk wudgh1 Lq rxu prgho wkh
edqnlqj v|vwhp h{wudfwv prqh| hyhu| wlph d krxvhkrog sxufkdvhv eh|rqg lwv sxuho|
qdqfldo zhdowk p 1 Rqh fdq lpdjlqh rwkhu qdqfldo lqvwlwxwlrqv zklfk idflolwdwh
wudgh dqg h{wudfw prqh| lq rwkhu zd|v1 Zh h{dplqh d jhqhudo prgho/ yld dq devwudfw
qdqfldo frvw ixqfwlrq F+s> u>  ,/ lq ^46`1
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Prqhwdu| Htxloleulxp

D yhfwru ri sulfhv dqg krxvhkrog dfwlrqv
2un
M
ks> u> +t  > { ,MM l 5 Uu
 Uu
nn  Un  +Un
n,

lv d suh0prqhwdu| htxloleulxp +suhPH, ri +H> p> P, li doo krxvhkrog dfwlrqv duh lq
wkhlu exgjhw vhwv/ l1h1/
+:,
+t  > { , 5 E+s> u> h > p ,
dqg ghpdqg htxdov vxsso| iru wkh ordq pdunhw dqg iru doo frpprglw| pdunhwv/ l1h1/
[
+d,
p
  +t  > u, @ P=
MM

+e,

[

MM

{
 +t  > s, @

[
MM

 /c5O
t6

+;,

Lw lv zruwk qrwlqj wkdw lq d suh0prqhwdu| htxloleulxp/ wkh wrwdo vwrfn ri prqh|
dqg frpprglwlhv khog froohfwlyho| lq wkh kdqgv ri wkh edqn dqg wkh krxvhkrogv lv
frqvhuyhg lq doo wkuhh wlph lqwhuydov lqwr zklfk wkh shulrg lv glylghg1 Dw wkh vwduw/
wkh edqn krogv P dqg krxvhkrogv krog p
 ri prqh|1 Prqh| pdunhw fohdulqj +;d,
jxdudqwhhv wkdw wkh edqn vwrfn P rzv wr krxvhkrogv dw wkh hqg ri wkh uvw lqwhuydo1
Frpprglw| pdunhw fohdulqj +;e, jxdudqwhhv wkdw wkh wrwdo vwrfn ri frpprglwlhv lv
frqvhuyhg dqg uhglvwulexwhg dprqj wkh krxvhkrogv gxulqj wkh vhfrqg wlph lqwhuydo1
Dqg +;e,/ pxowlsolhg e| s / vkrzv wkdw wkh wrwdo vwrfn ri prqh| lv frqvhuyhg dqg
uhglvwulexwhg dprqj wkh krxvhkrogv gxulqj wkh vhfrqg wlph lqwhuydo1 Wkxv dw wkh hqg
ri wkh uvw dqg vhfrqg lqwhuydov/ doo ri P . p
 lv zlwk krxvhkrogv1 Wkh qr0ghidxow
frqglwlrq +8, lpsolhv wkdw wkh wrwdo erqgv vrog e| krxvhkrogv gr qrw h{fhhg P . p1

Dw wkh hqg ri wkh wklug lqwhuydo lq d suhPH/ wkh edqn krogv +4 . u,P  P . p/
 dqg
krxvhkrogv krog wkh edodqfh p
  uP1
D suhPH ks> u> +t  > { ,MM l lv d prqhwdu| htxloleulxp +PH, l
x +{ ,  x +{ , iru doo +t  > { , 5 E+s> u> h > p ,=
Lq dq| PH/ dw wkh hqg ri wkh wklug lqwhuydo/ diwhu uhsd|lqj wkh edqn/ qr krxvhkrog
zloo eh ohiw zlwk xqrzhg fdvk/ rwkhuzlvh lw vkrxog kdyh vshqw pruh prqh| hduolhu wr
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sxufkdvh frpprglwlhv/ ru hovh fxuwdlohg lwv vdoh ri frpprglwlhv/ lpsurylqj lwv xwlolw|1
Khqfh dw ohdvw P . p
 lv rzhg wr wkh edqn1 Exw qr pruh frxog eh rzhg/ vlqfh ghidxow
lv qrw shuplwwhg1 Wkxv +4 . u,P @ P . p
 dw dq| PH/ l1h1/ u @ p@P1

Wklv vkrzv wkdw wkh udwh ri lqwhuhvw u lq +rxu rqh0shulrg, prqhwdu| htxloleulxp
lv ghwhuplqhg vroho| e| wkh vwrfnv ri lqvlgh dqg rxwvlgh prqh|/ dqg lv xqdhfwhg e|
wkh uhdo vhfwru H1 Lq d pxowlshulrg vhwwlqj ^46`/ wkhuh zrxog eh d jhqxlqh lqwhudfwlrq
ehwzhhq wkh uhdo dqg prqhwdu| vhfwruv wkdw ghwhuplqhv wkh lqwhuhvw udwhv1
Lq frqwudvw/ hyhq zlwk rqh shulrg/ s lv ghwhuplqhg e| d jhqxlqh lqwhudfwlrq eh0
wzhhq wkh uhdo dqg prqhwdu| vhfwruv1 Qrwlfh wkdw vlqfh wkh frpsrqhqwv ri s dw dq|
PH pxvw eh qlwh e| ghqlwlrq/ prqh| zloo kdyh srvlwlyh ydoxh dw dq PH1 Wkxv wkh
h{lvwhqfh ri dq PH lv wdqwdprxqw wr d uhvroxwlrq ri wkh Kdkq sdudgr{1

6

Jdlqv wr Wudgh

Dw uvw jodqfh wkh fdvk0lq0dgydqfh frqvwudlqw +hperglhg lq +5,, dqg wkh suhvhqfh ri
wkh edqn vhhp wr surylgh d zd| rxw ri wkh Kdkq sdudgr{= wkh edqn/ dv zdv vdlg/
lv dq djhqw wkdw ghpdqgv prqh| iru lwv rzq vdnh/ dqg krxvhkrogv zloo qhhg wr krog
prqh| dw wkh hqg lq rughu wr uhsd| wkhlu ordqv wr wkh edqn1 Wklv dujxphqw zrxog
eh qh li zh frxog jxdudqwhh wkdw krxvhkrogv wrrn rxw edqn ordqv lq wkh uvw sodfh1
Exw/ xqohvv prqh| douhdg| kdv ydoxh wr ehjlq zlwk/ zk| vkrxog dq|rqh zdqw wr wdnh
rxw ordqvB Lq d uhsuhvhqwdwlyh djhqw hfrqrp|/ iru lqvwdqfh/ qrerg| zrxog wdnh rxw
ordqv dqg prqh| zrxog kdyh qr ydoxh1 Wkxv wkh edqn/ zkloh qhfhvvdu|/ grhv qrw lq
dqg ri lwvhoi hqvxuh wkdw prqh| zloo kdyh ydoxh1 Vrphwklqj pruh lv qhhghg1 Zh vkrz
lq Wkhruhp 9 wkdw prqh| idlov wr kdyh ydoxh li qrwklqj lv dgghg1
Rqh ghylfh lv wr reoljh krxvhkrogv wr sxw xs vrph srvlwlyh iudfwlrq ri wkhlu hq0
grzphqw iru vdoh djdlqvw prqh| +l1h1/ uhtxluh lq frqglwlrq +6, ri wkh exgjhw vhw wkdw
  h iru vrph 3 ?   4,1 Lqghhg wkh fdvh zkhq wkh hqwluh hqgrzphqw
h  t6

pxvw eh sxw xs iru vdoh +l1h1/  @ 4, lv frqvlghuhg e| Oxfdv ^5;`/ ^5<`/ dqg Pdjloo
Txlq}ll ^63`1 Vxfk irufhg vdohv/ ri frxuvh/ hqvxuh wkdw prqh| zloo ex| vrphwklqj ri
ydoxh lq htxloleulxp +l1h1/ dq PH h{lvwv/ vhh Uhpdun 5,1 Exw wkh wurxeoh lv wkdw vrph
ri wkhvh vdohv pxvw eh irufhg1 Zlwk hyhq wkh wlqlhvw wudqvdfwlrqv frvw/ krxvhkrogv
zrxog vwulfwo| suhihu qrw wr vhoo dqg ex| edfn wkh vdph frpprglwlhv1 Iru dq|  A 3/
3/ krxvhkrog k zrxog qrw yroxqwdulo| xqghuwdnh wr vhoo h / iru wkhq
li dq| h
wkhuh zrxog eh d frpprglw| c zklfk k zrxog eh ex|lqj dv zhoo dv vhoolqj1 Lq rxu
prgho wkhuh lv qr wudqvdfwlrq frvw> exw wkhuh lv d srvlwlyh udwh ri lqwhuhvw dw dq| PH
li p
 A 31 Krxvhkrogv duh ordwk wr lqgxojh lq zdvk vdohv/ ehfdxvh wkh| zrxog orvh wkh
lqwhuhvw rdw1
Dqrwkhu ghylfh lv wr lqwurgxfh d jryhuqphqw/ uhdg| wr ghihqg wkh vdqfwlw| ri lwv
dw prqh| e| sxwwlqj xs vrph h{rjhqrxv vwrfn ri frpprglwlhv +h1j1/ jrog, iru vdoh
djdlqvw prqh|1 E| wklv ghylfh zh frxog djdlq jhw PH zlwkrxw pxfk dgr= jryhuqphqw
vdohv edfn wkh dw prqh| dqg jxdudqwhh lwv sxufkdvlqj srzhu1
Zh gr qrw kdyh wr wdnh uhfrxuvh wr vxfk h{wudqhrxv dqg gudvwlf phdvxuhv dv irufhg
vdohv ri frpprglwlhv/ ru jrog0edfnhg prqh|/ lq rughu wr jxdudqwhh wkdw prqh| kdv
ydoxh1 Zkdw lv uhtxluhg lv dq lqwulqvlf jdlqv wr wudgh k|srwkhvlv1
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Ildw prqh| lv zdqwhg rqo| iru wudglqj frpprglwlhv1 Lw iroorzv wkdw wkh ydoxh
ri prqh| vkrxog ghshqg rq krxvhkrogv* prwlydwlrq wr wudgh frpprglwlhv zlwk hdfk
rwkhu1 Zh ghyhors d phdvxuh ri wklv prwlydwlrq fdoohg jdlqv wr wudgh dqg vkrz wkdw/
zkhqhyhu wkh| duh vwurqj hqrxjk/ prqhwdu| htxloleulxp h{lvwv1 Prqh| lv ydoxhg dqg
xvhg wr pryh frpprglwlhv wkurxjk pdunhwv1
Ohw   5 Uu eh d wudgh yhfwru ri k +zlwk srvlwlyh frpsrqhqwv uhsuhvhqwlqj sxu0
fkdvhv dqg qhjdwlyh frpsrqhqwv uhsuhvhqwlqj vdohv,1 Iru dq| vfdodu  A 4/ ghqh
  +, @ plqi  >   @+4 . ,j
Qrwh   +, @   li   ? 3/   +, @   @+4 . , li   A 31 Wkxv   +, hqwdlov d
glplqxwlrq ri sxufkdvhv lq   e| wkh iudfwlrq @+4 . ,1
M
Zh vd| wkdw wkhuh duh jdlqv wr 0glplqlvkhg wudgh dw {  +{ ,MM 5 +Uu
n , li

wkhuh h{lvw
+ ,MM vxfk wkdw=
S wudghv

+d, MM  @ 3
+e, { .   5 Uu
n iru doo k 5 K
+f, x +{ .   +,, A x +{ , iru doo45 k 5 K=
Lq rwkhu zrugv/ lw vkrxog eh srvvleoh  lq vslwh ri wkh 0kdqglfds rq wudgh  iru
krxvhkrogv wr Sduhwr0lpsuryh rq {1 Zh ghqh +{, dv wkh vxsuhpxp ri doo kdqglfdsv
wkdw shuplw Sduhwr lpsuryhphqw1
Ghqlwlrq Wkh jdlqv wr wudgh dw { duh jlyhq e|
+{, @ vxsi = wkhuh duh jdlqv wr 0glplqlvkhg wudgh dw {j
@ plqi = wkhuh duh qrw jdlqv wr 0glplqlvkhg wudgh dw {j=
Wr foduli| wkh ghqlwlrq ri jdlqv wr wudgh dw h/ ghqh wkh xwlolw| ixqfwlrqv
y +{,  x +h . +{  h ,+,,
iru k 5 K1 Revhuyh wkdw iru {hg / hyhu| frpsrqhqw ri +{  h ,+, lv frqfdyh dqg
lqfuhdvlqj lq {1 Vlqfh x lv dovr frqfdyh dqg lqfuhdvlqj/ lw iroorzv wkdw y lqkhulwv
erwk wkhvh surshuwlhv1 Wkxv/ e| vwdqgdug dujxphqwv/ wkh hfrqrp| +y > h ,MM kdv d
Zdoudv htxloleulxp1
Ohppd 5 Wkhuh duh qr jdlqv wr 0glplqlvkhg wudgh dw h li dqg rqo| li wkh hfrqrp|
+y > h ,MM kdv d qr0wudgh Zdoudv htxloleulxp1
Iru vprrwk hfrqrplhv zh fdq jlyh dq h{solflw irupxod iru +{,1 Vxssrvh {
3


dqg x lv frqwlqxrxvo| glhuhqwldeoh dw { / iru doo k 5 K1 Zlwk wzr djhqwv dqg wzr
jrrgv/ ^4 . +{,`2 lv wkh udwlr ri wkh djhqwv* pdujlqdo udwhv ri vxevwlwxwlrq iru wkh wzr
jrrgv +vhh Iljxuh 5,1 Lw zrxog eh lqfruuhfw wr frqqhfw +{, zlwk wkh dqjoh ehwzhhq
wkh lqglhuhqfh fxuyhv dw { lq dq Hgjhzruwk Er{1 Dq lpsruwdqw surshuw| ri +{,
lv wkdw uhvfdolqj wkh xqlwv ri d frpprglw|/ vd| iurp srxqgv wr rxqfhv/ ohdyhv +{,
lqyduldqw/ wkrxjk lw fkdqjhv wkh dqjoh1
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Vlqfh xwlolwlhv duh vwulfwo| prqrwrqlf/ wklv lv htxlydohqw wr uhtxlulqj wkdw vrph krxvhkrog lv vwulfwo|
ehwwhu r dqg qrqh duh zruvh r1
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Origin of i

x

Origin of h

Iljxuh 5= ^4 . +{,`2 @ udwlr ri vorshv +qrw wkh dqjoh ehwzhhq wkhp,
Rqh fdq fkhfn wkdw +li K @ 5 ru O @ 5,/
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Cx +{ ,
Cx +{ ,
E
E
9
F
F:
E C{& F E C{ F: =
^4 . +{,`2 @ pd{ 9


C
C
7
D


'
Cx +{ , D8
Cx +{ ,
&'
C{&
C{

Pruh jhqhudoo|/ Sduhwr lpsuryhphqw pd| uhtxluh wudgh lqyroylqj pruh wkdq wzr
krxvhkrogv dqg wzr frpprglwlhv1 Ghqh d wudglqj f|foh f? dv d vhtxhqfh ri glvwlqfw
frpprglwlhv +c > ===> c? , dqg djhqwv +k > ===> k? , zkhuh k vhoov c dqg ex|v cn +zkhuh
c?n  c ,1 Dowkrxjk hdfk djhqw k wudghv rqo| d sdlu ri jrrgv/ wkh wudglqj f|foh
pd| uhtxluh pdq| jrrgv dqg djhqwv ehfdxvh wkhuh pd| eh qr grxeoh frlqflghqfh ri
zdqwv1 Wkh qh{w wkhruhp dqg lwv fruroodu| vkrz wkdw lq fdofxodwlqj wkh jdlqv wr wudgh
dydlodeoh dw dq doorfdwlrq {/ lw vx!fhv wr h{dplqh wudglqj f|fohv1 Vlqfh wkhuh duh rqo|
d qlwh qxpehu ri wudglqj f|fohv/ wkh iroorzlqj irupxod iru wkh jdlqv wr wudgh fdq lq
sulqflsoh eh h{solflwo| fdofxodwhg1
3 ;k 5 K/ wkhq
Wkhruhp 4 Li x lv frqwlqxrxvo| glhuhqwldeoh dqg {
;
3   4<*?
Cx  +{  , A
A
A
A
A
FA
@
? ? E C{
n F
E
4 . +{, @ pd{ pd{
[ E   F
2$?$u S? M? A
' C Cx +{ , DA
A
A
A
A
>
=
C{
zkhuh c?n  c dqg wkh vhfrqg pd{ lv wdnhq ryhu wkh qlwh vhw F? ri doo wudglqj
f|fohv f? @ +c > ===> c? > k > ===> k? , ri ohqjwk q146
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Zkhq wkh pd{lpxp lv dfklhyhg rqo| rq f|fohv ri ohqjwk dw ohdvw ? : 2/ wkhuh lv d idloxuh ri grxeoh
frlqflghqfh ri zdqwv lq wkh hfrqrp|1 Zh pljkw hyhq xvh wkh plqlpxp ohqjwk ? zklfk dfklhyhv wkh
pd{lpxp ghqlqj E% dv d phdvxuh ri wklv idloxuh1 Zh vkdoo qrw sxuvxh wklv srlqw khuh1
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Fruroodu| 4 Vxssrvh +x ,MM duhS
frqwlqxrxvo| glhuhqwldeoh dqg {
3 ;k 5 K1





Vxssrvh wkhuh duh wudghv + ,MM / MM  @ 3/ vxfk wkdw y +{ .  , A y +{ ,
;k 5 K1 Wkhq wkhuh lv d f|foh +c > ===> c? ,/ +k > ===> k? , dqg wudghv  rq wkh f|foh
 n
 n
A 3 iru doo l @ 4> ===> q/ dqg   @ 3 li c 9@ ic > cn j, vxfk wkdw
+l1h1/ n @ 
y +{ .  , A y +{ , ;l @ 4> ===> q=
Li xwlolwlhv duh qrw frqwlqxrxvo| glhuhqwldeoh/ ru li vrph { @ 3/ zh fdq jlyh orzhu
dqg xsshu erxqgv iru +{,1
Fruroodu| 5 Gurs wkh glhuhqwldelolw| dqg lqwhulrulw| dvvxpswlrqv ri Wkhruhp 41
Ghqh  W +{, +ru  W +{,, lq h{dfwo| wkh vdph pdqqhu dv +{,/ exw zlwk wkh uljkw0
kdqg ghulydwlyh lq wkh qxphudwru +ru ghqrplqdwru, dqg wkh ohiw0kdqg ghulydwlyh lq
wkh ghqrplqdwru +ru qxphudwru,1 Wkhq  W +{,  +{,   W +{,1
Wkh jdlqv wr wudgh duh qrw jlyhq e| wkh glvwdqfh iurp { wr wkh Sduhwr iurqwlhu/
exw dv Wkhruhp 4 vkrzv/ e| wkh udwlr ri wkh vorshv ri wkh wzr lqglhuhqfh fxuyhv dw
{1 Wkh qxpehu +{, fdq eh ylhzhg dv d orfdo phdvxuh ri wkh ghsduwxuh iurp Sduhwr
rswlpdolw|1 Lw uhsuhvhqwv krz hdv| lw lv wr pdnh d vpdoo Sduhwr lpsuryhphqw vwduwlqj
iurp {1 Li { lv Sduhwr rswlpdo/ wkhq +{, @ 3> rwkhuzlvh +{, A 31 Rxu phdvxuh lv
wr eh frqwudvwhg zlwk d joredo phdvxuh ri lqh!flhqf| vxjjhvwhg e| Gheuhx/ zklfk
uhsuhvhqwv krz idu iurp ixoo Sduhwr rswlpdolw| wkh doorfdwlrq lv1 Klv frh!flhqw ri
uhvrxufh doorfdwlrq +{, lv jlyhq e|=
4 . +{, @ vxs i = wkhuh h{lvwv d uhdoorfdwlrq ri

4 [ 
{

MM

zklfk ohdyhv hdfk k dw xwlolw| ohyho dw ohdvw x +{ ,j=
Qrwlfh wkdw shuwxuedwlrqv ri xwlolw| ixqfwlrqv x rqo| durxqg { zloo dowhu rxu phdvxuh
+{,/ exw zloo kdyh olwwoh hhfw rq Gheuhx*v phdvxuh +{,1
Dq h{dpsoh pdnhv wklv orfdo2joredo glvwlqfwlrq wudqvsduhqw1 Wdnh x +{ > {2 , @

x +{ > {2 , @ plqi{ .5{2 > 5{ .{2 j1 Iru dq| { @ +{ > { ,/ zkhuh { .5{2 ? 5{ .{2
dqg { . 5{2 A 5{ . {2 / xwlolwlhv duh glhuhqwldeoh dqg wkh orfdo jdlqv wr wudgh duh
txlwh vwhhs1 E| rxu irupxod/ +{, @ 4/ vlqfh ^4 . +{,`2 @ 2  2 @ 71
Li djjuhjdwh hqgrzphqwv duh htxdo lq erwk jrrgv/ l1h1/ { .{ @ {2 .{2 / wkhq wkh
Sduhwr vxuidfh frqvlvwv ri wkh gldjrqdo ri wkh Hgjhzruwk er{ gudzq ehorz lq Iljxuh
61 Wkh srlqw { lq wkh slfwxuh kdv +{, @ 4/ qr pdwwhu krz forvh lw lv wr wkh gldjrqdo1
Lq frqwudvw/ +{, idoov wr }hur dv { dssurdfkhv wkh gldjrqdo1
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Origin of i

y
x

Origin of h

(x) = 1,

(y) = 0

Iljxuh 6
Wkh irupxod vkrzv wkdw wkh ixqfwlrq +{, lv frqwlqxrxv zkhq wkh xwlolwlhv duh frq0
wlqxrxvo| glhuhqwldeoh dqg {
31 Wkh h{dpsoh vkrzv wkdw/ zlwkrxw glhuhqwldelolw|/
+{, pd| qrw eh frqwlqxrxv1 Exw lw lv dozd|v orzhu vhpl0frqwlqxrxv1
Ohppd 6 Ohw +x ,MM eh frqfdyh dqg frqwlqxrxv1 Ohw wkh doorfdwlrqv {+n, $ {
dv n $ 41 Wkhq olp lqi g +{+n,,  +{,1
Zh duh qrz uhdg| wr vwdwh rxu nh| frqglwlrq iru wkh h{lvwhqfh ri PH1
Jdlqv wr Wudgh K|srwkhvlv +h, A p@P>

l1h1/ wkhuh duh jdlqv wr 0glplqlvkhg
wudgh dw wkh lqlwldo hqgrzphqw/ zkhuh  @ p@P1


7

H{lvwhqfh ri Prqhwdu| Htxloleulxp

S
Wkhruhp 5 Frqvlghu d prqhwdu| hfrqrp| +H> p> P, lq zklfk p
  MM p A 3
dqg wkh Jdlqv wr Wudgh K|srwkhvlv krogv/ l1h1/ +h, A p@P1

Wkhq d prqhwdu|
htxloleulxp h{lvwv dqg/ dw dq| prqhwdu| htxloleulxp/ wkh lqwhuhvw udwh u @ p@P1

Fruroodu| 6 +d, Vxssrvh p
 @ 31 Wkhq prqhwdu| htxloleuld h{lvw dqg frlqflgh +lq
doorfdwlrqv dqg sulfh udwlrv, zlwk wkh Zdoudv htxloleuld ri wkh xqghuo|lqj hfrqrp|1
+e, Vxssrvh +s+n,> u+n,> t+n,> {+n,, lv dq PH ri +H> p+n,> P+n,,/ zlwk p+n,

A 3/ dqg

+n, $&<" 31 Wkhq { lv Zdoudvldq iru H1
{+n, $&<" {/ dqg p+n,@P
Dffruglqj wr wkh wkhruhp/ lqfuhdvlqj wkh vwrfn ri lqvlgh prqh| P pxvw hyhqwxdoo|
jxdudqwhh wkh rughuo| ixqfwlrqlqj ri pdunhwv/ li wkh lqlwldo hqgrzphqw lv qrw Sduhwr0
rswlpdo1 Htxloleulxp h{lvwv lq +H> p> P, rqfh P h{fhhgv wkh qlwh wkuhvkrog p@+h,1

Lq rxu prgho/ lqvlgh prqh| lv lqghhg wkh juhdvh wkdw wxuqv wkh zkhhov ri frpphufh1
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Sduw +e, ri wkh fruroodu| dvvxuhv xv wkdw dowkrxjk doo wudghv duh frqgxfwhg yld
prqh|/ dqg dowkrxjk doo sulfhv duh txrwhg lq whupv ri prqh|/ dv edqn prqh| P
dssurdfkhv lqqlw|/ wkh qdo doorfdwlrq ri jrrgv ehfrphv hvvhqwldoo| qr glhuhqw iurp
wkh Zdoudvldq doorfdwlrq rewdlqhg lq dq lghdol}hg zruog zlwkrxw dq| prqh| dw doo/
dqg lq zklfk sulfhv uhdoo| rqo| kdyh phdqlqj dv h{fkdqjh udwhv ehwzhhq sdluv ri
frpprglwlhv1
Ohyhov ri edqn prqh| eh|rqg p@+h,/

exw vkruw ri lqqlw|/ jlyh d odujh grpdlq
lq zklfk wkh uhdo vhfwru H @ +x > h ,MM dqg wkh qdqfldo vhfwru +p> P, lq xhqfh
hdfk rwkhu/ dv zh vkrz lq Vhfwlrq 91
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Rxwolqh ri wkh Surri ri Wkhruhp 5

Wkh lqwxlwlrq ehklqg wkh surri lv dv iroorzv1 Lpdjlqh dq h{whuqdo djhqw/ vd| wkh
jryhuqphqw/ wkdw frpplwv wr dfwlydwlqj doo pdunhwv e| vhoolqj % xqlwv rq hdfk vlgh ri
hyhu| pdunhw +h{fhsw iru wkh prqh| vlgh ri wkh erqg pdunhw/ zkhuh wkh edqn douhdg|
frpplwv P A 3,1 Lq sduwlfxodu/ wkh jryhuqphqw vhoov % xqlwv ri hdfk uhdo jrrg iru
prqh|1 Prqh| zrxog wkhq qdwxudoo| kdyh ydoxh ehfdxvh dq| kroghu ri lw frxog jhw
vrphwklqj uhdo lq h{fkdqjh iru lw1 Zh txlfno| vkrz wkdw/ zlwk vxfk dq h{whuqdo djhqw/
d ixoo eorzq %0prqhwdu| htxloleulxp +%0PH,/ lqfoxglqj frpprglw| sulfhv s+%, ? 4
dqg dq lqwhuhvw udwh u+%,/ qhfhvvdulo| h{lvwv1 Lq dq %0PH/ dv lq dq PH/ wkh wrwdo vwrfn
ri prqh| dqg frpprglwlhv khog e| krxvhkrogv/ wkh edqn/ dqg wkh h{whuqdo djhqw lv
frqvhuyhg lq doo wkuhh wlph lqwhuydov1
Zh uhpryh wkh h{whuqdo djhqw e| ohwwlqj % $ 3/ dqg h{dplqh d olplw ri %0PH wr
vhh li wkh krxvhkrogv wkhpvhoyhv duh lpsxwlqj srvlwlyh ydoxh wr prqh|1 Li u+%, dqg
s+%, vwd| erxqghg dv % $ 3/ zh fdq sdvv wr d frqyhujhqw vxevhtxhqfh zklfk zloo eh
d erqd gh PH1 Fohduo| u+%,  3/ iru rwkhuzlvh krxvhkrogv frxog duelwudjh wkh edqn1
Wkxv prqh|0qrz pxvw kdyh ydoxh lq whupv ri prqh|0odwhu1 Qrwh wkdw qr s +%, $ 3/
iru rwkhuzlvh dq| krxvhkrog k zlwk p A 3 zrxog eh ex|lqj pruh ri jrrg c wkdq
wkhuh lv/ frqwudglfwlqj wkh ihdvlelolw| ri %0PH1
Wkh lqwhuhvw udwh u+%, pxvw eh qr eljjhu wkdq +p
 . O%,@P/ qr pdwwhu krz vpdoo
% A 3 lv/ vlqfh ghidxow lv qrw doorzhg1 Rwkhuzlvh/ vrph krxvhkrog zrxog qhfhvvdulo|
ghidxow/ ehfdxvh lw zrxog qrw eh deoh wr qg wkh prqh| wr sd| lwv ghewv1 Wkxv
3  olp u+%,  p@P1

Lw uhpdlqv wr vkrz wkdw s+%, < 41 Vxssrvh s+%, $ 41 Wkhq/ vlqfh wkh wrwdo
prqh| lq wkh v|vwhp lv erxqghg dqg vlqfh prqh| lv wkh vroh phglxp ri h{fkdqjh/
wudgh lq jrrgv $ 3 dv s+%, $ 41 Khqfh krxvhkrogv hqg xs frqvxplqj wkhlu lql0
wldo hqgrzphqw h lq wkh olplw1 Dw wkh vdph wlph/ qrwlfh wkdw zlwk s+%, $ 4/
wkh sxufkdvlqj srzhu ri wkh hqgrzhg prqh| p jrhv wr }hur dqg pd| eh ljqruhg1
Frqvlghu qrz wkh S
olplwlqj sulfh udwlrv +rq vrph vxevhtxhqfh, jlyhq e| s/ zkhuh
s @ olp0<f s +%,@ &Mu s& +%,1 Wkh wudglqj rssruwxqlw| iru dq| krxvhkrog +dw wkh
olplw, lv hhfwlyho| wr sxufkdvh jrrgv vroho| rxw ri eruurzhg prqh| dqg wr sd| wkh
ordq edfn/ dw wkh lqwhuhvw udwh u  olp u+%,  p@P

rxw ri klv vdohv uhyhqxh +frqgxfw0
lqj doo wudgh yld prqh|/ ri frxuvh/ dw wkh sulfhv s,1 D olwwoh uh hfwlrq uhyhdov wkdw
wklv lv wdqwdprxqw wr grlqj vwdqgdug Zdoudvldq wudghv dw sulfhv s exw frqvxplqj
rqo| wkh iudfwlrq 4@+4 . u, ri sxufkdvhv/ zklfk lq wxuq pd| eh ylhzhg dv frqvxplqj
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wkh zkroh Zdoudvldq wudgh yld prglhg xwlolwlhv yo 1 Wkxv h lv d Zdoudv doorfdwlrq
iru +yo ,MM dw sulfhv s/ dqg pxvw eh Sduhwr0rswlpdo zlwk uhvshfw wr +yo ,MM 1 Vlqfh
u  p@P

? +h,/ h lv dovr Sduhwr0rswlpdo zlwk uhvshfw wr +yEe ,MM 1 Wklv frqwud0
glfwv wkh jdlqv0wr0wudgh k|srwkhvlv1 Vr s+%, < 4/ qlvklqj wkh surri1
Lq vkruw/ rqfh wkh h{whuqdo djhqw kdv jlyhq krxvhkrogv wkh frqghqfh wkdw prqh|0
qrz kdv ydoxh +l1h1/ wkdw s+%, ? 4,/ dqg wkdw prqh|0odwhu kdv hqrxjk ydoxh +l1h1/ wkdw
u+%, lv qrw wrr kljk,/ wkh| wkhpvhoyhv zloo rhu odujh dprxqwv ri jrrgv/ dqg vpdoo
hqrxjk dprxqwv ri erqgv/ iru vdoh djdlqvw prqh|1 Wkhlu dfwlrqv zloo ixooo wkhlu rzq
surskhflhv/ sursslqj xs wkh ydoxh ri prqh|0qrz dqg prqh|0odwhu/ li wkhuh duh jdlqv
wr p@P0glplqlvkhg

wudgh1
Rxu surri lq hhfw xvhv wkh jrog0edfnhg ghylfh ri vxssruwlqj wkh ydoxh ri prqh|/
exw vkrzv wkdw lq wkh hqg wkh jrog lv qrw qhhghg/ li wkhuh duh hqrxjk srwhqwldo jdlqv
wr wudgh lq wkh xqghuo|lqj uhdo hfrqrp|1 Zh frxog kdyh jlyhq doprvw wkh vdph surri/
xvlqj wkh dowhuqdwlyh ghylfh ri irufhg frpprglw| vdohv djdlqvw prqh|/ vkrzlqj djdlq
lq wkh hqg wkdw vxfk vdohv duh xqqhfhvvdu|1
Wkh surri lq wkh dsshqgl{ dovr vkrzv wkdw zh fdq gurs wkh k|srwkhvlv ri vwulfw
prqrwrqlflw|/ zklfk ehfrphv lpsruwdqw zkhq zh frqvlghu d pxowlshulrg prgho zlwk
ryhuodsslqj jhqhudwlrqv1

8

Ghwhuplqdf| ri Prqhwdu| Htxloleulxp dqg
wkh Ydoxh ri Prqh|

S
Li rxwvlgh prqh| p
  MM p @ 3/ wkh PH duh Zdoudvldq/ dv srlqwhg rxw lq wkh
Fruroodu| wr Wkhruhp 41 Lq wklv hyhqw/ lw lv fohdu wkdw wkhuh lv juhdw lqghwhuplqdf|
ri wkh frpprglw| sulfh ohyhov1 Krxvhkrogv fdq eruurz/ krdug/ dqg uhwxuq prqh| wr
wkh edqn zlwkrxw vshqglqj lw dqg zlwkrxw lqfxuulqj dq| lqwhuhvw frvw1 Khqfh PH
sulfhv fdq eh vfdohg grzq duelwudulo| +zlwk krxvhkrogv krduglqj lqfuhdvlqj dprxqwv
ri edqn prqh| P, zlwkrxw glvwxuelqj wkh PH1
Exw wkh prphqw p
 A 3 zh pxvw kdyh wkh lqwhuhvw udwh srvlwlyh/ lqghhg htxdo wr
p@P1

Frqvhtxhqwo| wkhuh lv qr krduglqj dw dq| PH dqg wkh deryh lqghwhuplqdf|
deuxswo| glvdsshduv1 Lq sduwlfxodu/ wkh ydoxh ri prqh| +jlyhq e| wkh sulfh ohyhov, lv
ghwhuplqdwh1
Zh fdq vwdwh wklv lqwxlwlrq irupdoo| dv iroorzv1 Il{ xwlolwlhv +x ,MM 1 Ohw X eh
dq rshq vhw ri olqhdu shuwxuedwlrqv ri wkh xwlolwlhv1 Pruh suhflvho| iru hdfk yhfwru
f 5 Uu / ohw xS +{, @ x +{, . f  { +zkhuh  ghqrwhv lqqhu surgxfw,1 Wdnh X wr eh dq
rshq vhw lq Uu / lqfoxglqj wkh ruljlq/ dqg +iru krxvhkrog k, lghqwli| f 5 X zlwk wkh
xwlolw| xS 1

Ohw Uu
nn ghqrwh wkh vhw ri srvvleoh hqgrzphqw yhfwruv h iru dq| krxvhkrog k 5
K1 Vlploduo|/ ohw Unn ghqrwh wkh vhw ri srvvleoh prqhwdu| hqgrzphqwv p iru dq|
krxvhkrog k 5 K1 Ilqdoo|/ dovr ohw Unn ghqrwh wkh vhw ri srvvleoh ohyhov ri edqn
prqh|1 Wkhq zh pd| wklqn ri dq| prqhwdu| hfrqrp| ++f > h > p ,MM > P, dv d
M
srlqw lq   +X  Uu
nn  Unn ,  Unn 1

4:

Wkhruhp 6 Iru dq rshq dqg ixoo phdvxuh vhw  ri yhfwruv  5 / wkh vhw ri PH
iru wkh hfrqrp| ghqhg e|  lv qlwh lq qxpehu> dqg wklv vhw ydulhv frqwlqxrxvo| rq
 1
Wkhruhp 6 whoov xv wkdw dv wkh gdwd ri wkh hfrqrp| fkdqjh/ htxloleulxp pryhv
glhuhqwldeo|1 Zh duh sduwlfxoduo| lqwhuhvwhg lq vkrzlqj wkdw shuwxuedwlrqv ri +p> P,
fdxvh uhdo fkdqjhv lq +{ ,MM dqg lq uhodwlyh sulfhv s @s& / dv zhoo dv lq qrplqdo
sulfh ohyhov dqg lq lqwhuhvw udwhv1 Zh zloo dovr vkrz wkdw fkdqjhv lq wkh uhdo vhfwru
+x > h ,MM dhfw wkh jhqhudo sulfh ohyho/ dv zhoo dv sulfh udwlrv dqg qdo frqvxpswlrq1

9

Zhoiduh lq d Prqhwdu| Htxloleulxp

Dv zdv vdlg/ dw dq| prqhwdu| htxloleulxp wkh lqwhuhvw udwh u lv wkh udwlr ri rxwvlgh
wr lqvlgh prqh| lq wkh hfrqrp|/ l1h1/ u @ p@P1

+Vhh Wkhruhp 51, Wkxv/ li p
 A 3/
krxvhkrogv zkr eruurz prqh| orvh wkh lqwhuhvw0 rdw rq wkhlu pdujlqdo sxufkdvhv/
zklfk glvfrxudjhv vrph wudgh1 Wkh xsvkrw lv wkdw PH doorfdwlrqv duh qrw Sduhwr0
rswlpdo/ ohdylqj urrp iru ixuwkhu jdlqv wr wudgh1
D vlpsoh h{dpsoh zloo foduli| wkh slfwxuh1 Vxssrvh wkdw h @ h @ +83> 83,/
p @ p @ 8/ P @ <3/ dqg x +{ > {2 , @ 43 orj { . 6 orj {2 dqg x +{ > {2 , @
6 orj { . 43 orj {2 1 Lq htxloleulxp +l, krxvhkrog l vhoov sduw ri lwv hqgrzphqw ri
frpprglw| 4 dqg ex|v frpprglw| 5> zkloh krxvhkrog k vhoov sduw ri lwv hqgrzphqw
ri frpprglw| 5 dqg ex|v frpprglw| 4/ +ll, erwk krxvhkrogv eruurzv prqh| iurp
wkh edqn1 Vlqfh wkh xwlolwlhv duh glhuhqwldeoh/ ohw
u +|,  wkh sduwldo ghulydwlyh ri x z1u1w1 wkh yduldeoh { / hydoxdwhg dw | 5 Uu
n=
Wkhq/ li { dqg { duh wkh krxvhkrogv* frqvxpswlrqv dw dq PH zlwk sulfhv +s> u,/ zh
pxvw kdyh
u2 +{ ,
u +{ ,
@ +4 . u, 
s2
s
dqg

u +{ ,
u +{ ,
@ +4 . u, 2
s
s2

Vxfk dq htxdolw| krogv iru dq| dfwlyh krxvhkrog m/ l1h1/ dq| m wkdw eruurzv prqh|
dqg sxufkdvhv jrrg c dqg vhoov rqo| d sduw ri klv hqgrzphqw ri n147 Wkhuhiruh
judglhqwv ri krxvhkrogv l dqg k wlow dzd| iurp wkh sulfh udwlr s @s2 lq rssrvlwh
gluhfwlrqv1 +Vhh Iljxuh 7 ehorz1, Wkh plvdoljqphqw lpsolhv wkdw iurp wkh PH lw
lv srvvleoh iru krxvhkrogv l dqg k wr wudgh ixuwkhu iru mrlqw jdlqv1 Wkh h{sdqvlrq
ri wudgh zrxog qr grxew rffxu lq d Zdoudvldq zruog lq zklfk doo wudgh lv iuhh1 Lq
Zdoudvldq htxloleulxp/ qdo frqvxpswlrq zrxog eh dssur{lpdwho| { @ +::> 56, dqg
Wkh uhdvrq iru wkh htxdolw| lv fohdu1 Li Q E% *R : E n oQ& E% *R& / wkhq  frxog lpsuryh lwv
xwlolw| e| eruurzlqj B pruh grooduv iurp wkh edqn dqg vshqglqj lw wr sxufkdvh / zkloh ghiud|lqj wkh
ordq e| vhoolqj E n oB grooduv* zruwk pruh ri jrrg &> li wkh uhyhuvh lqhtxdolw| krogv/  zrxog ehqhw
e| uhgxflqj voljkwo| lwv edqn ordq dqg sxufkdvh ri / zkloh vlpxowdqhrxvo| fxuwdlolqj wkh frqfrplwdqw
vdoh ri &1 Wkhuh lv d zhgjh ri vl}h E n o ehwzhhq wkh ex|lqj dqg vhoolqj sulfhv ri dq| frpprglw|1
47

4;

{ @ +56> ::,1 Exw/ lq d prqhwdu| htxloleulxp/ wkh frvw lpsrvhg e| wkh lqwhuhvw0 rdw
kdpshuv wkh srvvlelolw|1
Rqh fdq fkhfn wkdw lq prqhwdu| htxloleulxp s @ s2 @ 5/ u @ 4@</ { @ +:8> 58,/
{ @ +58> :8,1 Djhqw k vshqgv klv '8 dqg ex|v 518 xqlwv ri jrrg 41 Kh dovr eruurzv
'78 iurp wkh edqn/ surplvlqj wr uhsd| '831 Wklv lv vshqw wr ex| 5518 xqlwv pruh ri
jrrg 41 Wr uhsd| wkh edqn kh pxvw vhoo 58 xqlwv ri jrrg 5/ zklfk lv sxufkdvhg e|
djhqw l1
Wkh h{dpsoh dovr uhyhdov wkdw wkh plvdoljqphqw lv qr pruh wkdq wkh zhgjh idfwru
+4 . u,/ sxwwlqj d erxqg rq wkh lqh!flhqf| ri PH doorfdwlrqv1

Origin of h
Budget of h
Budget of i
e
x
Origin of i

Iljxuh 7= PH Doorfdwlrq q lq wkh Hgjhzruwk Er{
Wr ghvfuleh wkh jhqhudo vlwxdwlrq/ zh uvw lqwurgxfh d frqglwlrq zklfk zloo hqvxuh
wkdw krxvhkrogv qhyhu vhoo doo ri dq| frpprglw| wkh| duh srvlwlyho| hqgrzhg zlwk1
Uhjxodulw| Frqglwlrq Dvvxph wkdw hdfk x lv frqwlqxrxvo| glhuhqwldeoh/ dqg
wkdw
<
 +h , A
x +|  ,  x[
A
@
h , |  A 3
| 

MM A
A
>

h A 3
Wkh vrfldo zhoiduh dw dq PH lv vxpphg xs lq=
Wkhruhp 7 Ohw +s> u> t> {, eh dq PH ri wkh prqhwdu| hfrqrp| +H> p> P, zlwk
p
 A 31 Wkhq +{,  u1 Li wkh uhjxodulw| frqglwlrq krogv/ +{, @ u @ p@P1

Uhpdun 4 Hyhq zlwkrxw uhjxodulw|/ li xwlolwlhv +x ,MM duh glhuhqwldeoh/ wkhuh duh
doorfdwlrqv | duelwudulo| forvh wr { zlwk +|,  u1

4<

:

Qrq0qhxwudolw| ri Prqh|

Wkhuh lv qr prqh| looxvlrq lq rxu prgho1 Li zh vfdoh P dqg wkh yhfwru p  +p ,MM
e| wkh vdph idfwru/ wkhq fohduo| wkh doorfdwlrq dqg wkh lqwhuhvw udwh dw dq PH uhpdlq
xqdhfwhg/ dqg doo frpprglw| sulfhv duh vfdohg e| wkh vdph idfwru1 Wkh vfdolqj lv
wdqwdprxqw wr d fkdqjh lq xqlwv/ dqg lw zrxog eh vxusulvlqj lqghhg li d vzlwfk iurp
grooduv wr fhqwv fdxvhg udwlrqdo djhqwv wr ehkdyh glhuhqwo|1
Exw iru wkh deryh flufxpvwdqfh/ prqh| lv qhyhu qhxwudo1 Lqghhg ohw D+H> p> P,
ghqrwh wkh vhw ri doo doorfdwlrqv ri frpprglwlhv dfklhyhg dw prqhwdu| htxloleuld ri
+H> p> P,1 Wkhq zh kdyh
Wkhruhp 8 Frqvlghu wzr prqhwdu| hfrqrplhv +H> p> P, dqg +H> pW > P W , zlwk wkh
vdph xqghuo|lqj uhdo vhfwru H/ dqg vxssrvh wkdw wkh uhjxodulw| frqglwlrq krogv iru H1
Li p@P

9@ p
 W @P W / wkhq wkh vhwv D+H> p> P, dqg D+H> pW > P W , duh glvmrlqw1
Surri Wdnh dq| { 5 D+H> p> P, dqg dq| {W 5 D+H> pW > P W ,1 E| Wkhruhp 7/

dqg +{W , @ p
 W @P W 1 Vlqfh
wkh jdlqv wr wudgh dw { dqg dw {W duh +{, @ p@P
W
W
W

p@P

9@ p
 @P / { dqg { duh glvwlqfw1
D fkdqjh lq P dorqh/ ru lq p dorqh/ ru lq erwk exw lq glhuhqw sursruwlrqv/ zloo +e|
Wkhruhp 8, lqyduldeo| dhfw uhdo wudghv1 Wkh lqmhfwlrq ri edqn prqh| +zlwk sulydwh
hqgrzphqwv ri prqh| khog {hg, fruuhvsrqgv wr d irup ri hohphqwdu| prqhwdu|
srolf| lq rxu prgho1 Lw lv hylghqw wkdw wklv srolf| zloo orzhu wkh lqwhuhvw udwh +vlqfh u @
p@P,

dqg dowhu frpprglw| doorfdwlrqv/ prylqj wkhp forvhu wr Sduhwr0h!flhqf|
vlqfh wkh xqh{sorlwhg jdlqv wr wudgh ohiw rq wkh wdeoh ehfrph vpdoohu1 Krzhyhu/ dv
zh vkdoo vhh lq Vhfwlrq </ lqfuhdvhv lq P zloo dovr hyhqwxdoo| udlvh htxloleulxp sulfh
ohyhov s1 Krxvhkrogv wkdw ehjdq zlwk uhodwlyho| odujh hqgrzphqwv p ri prqh| zloo
eh kxuw/ vlqfh wkhlu fdvk hqgrzphqwv orvh sxufkdvlqj srzhu1 Wkhvh krxvhkrogv frxog
eh h{shfwhg wr xvh wkhlu lq xhqfh rq wkh fhqwudo edqn wr uhvlvw vxfk h{sdqvlrqdu|
prqhwdu| srolf|1 Jliwv ri dw prqh| wr krxvhkrogv frqvwlwxwh vfdo srolf|1 Wkh| zloo
fdxvh lqwhuhvw udwhv wr ulvh/ dqg wkh hqvxlqj PH doorfdwlrqv duh erxqg wr eh dhfwhg/
ehfrplqj ohvv +orfdoo|, h!flhqw lq wkh surfhvv1 Ri frxuvh krxvhkrogv wkdw zhuh wkh
sulpdu| uhflslhqwv ri wkh vfdo jliwv pd| eh ehwwhu r wkdq ehiruh1
Wkh zhoiduh0uhgxflqj lpsdfw ri vfdo lqmhfwlrqv lv prvw surqrxqfhg lq wkh vhwwlqj
ri h{fkdqjh hfrqrplhv zlwk sulydwh jrrgv dqg frpsohwh pdunhwv1 Zkhq wkhuh lv
surgxfwlrq dqg lqfrpsohwh pdunhwv/ vfdo lqmhfwlrqv pd| eh Sduhwr lpsurylqj1 Exw
zh ghdo zlwk wklv lpsruwdqw lvvxh hovhzkhuh ^45`1 Ilvfdo lqmhfwlrqv fdq dovr eh Sduhwr
lpsurylqj zkhq wkhuh duh sxeolf jrrgv1 Zh ghihu rxu dqdo|vlv ri prqhwdu| dqg vfdo
srolf| wr Vhfwlrq 431

;

Wkh Qhfhvvlw| ri Jdlqv wr Wudgh

Zh kdyh fodlphg wkdw wkh suhvhqfh ri d edqn +zklfk ghpdqgv prqh| iru lwv rzq
vdnh/ dw wkh hqg ri frpprglw| wudgh, lv qrw vx!flhqw iru prqh| wr kdyh ydoxh1 Zh qrz
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pdnh wklv fodlp suhflvh yld Wkhruhpv 9 dqg :/ vkrzlqj wkdw prqhwdu| htxloleulxp
grhv qrw h{lvw xqohvv wkhuh duh vx!flhqw jdlqv wr wudgh1
  +|,, ghqrwh wkh ohiw0kdqg +uljkw0kdqg, ghulydwlyh ri x / zlwk uhvshfw
  +|, +u
Ohw u
wr wkh yduldeoh { / dw wkh srlqw | 5 Uu
n 1 Dqg ohw D+h, eh wkh vhw ri doo lqglylgxdoo|
udwlrqdo dqg ihdvleoh doorfdwlrqv/ l1h1/
[
[
M =
@
,
|
h > dqg x +|  ,  x +h , iru k 5 Kj
D+h, @ i|  +|  ,MM 5 +Uu
n
MM

Sxw

MM

+h, @ vxs  W +|,
+MEe

l1h1/  lv dq xsshu erxqg rq wkh jdlqv wr wudgh dw dq| srlqw lq D1
Wkhruhp 9
+p@P,

A +h, , qr PH h{lvwv1
Wkhruhp 9 vkrzv wkdw wkh ydoxh ri prqh| ghshqgv rq krxvhkrog khwhurjhqhlw|1
Li doo krxvhkrogv zhuh lghqwlfdo/ +h, @ 3/ dqg prqhwdu| htxloleulxp frxog qrw h{lvw1
Lq idfw/ li h zhuh Sduhwr h!flhqw/ wkhq +h, @ 3 dqg prqh| zrxog kdyh qr ydoxh1
Sxwwlqj wrjhwkhu Wkhruhpv 5 dqg 9/ zh rewdlq Iljxuh 81

?

No ME exists

1

0

1

M
_
m

(e)

(e)

. . . . . . Walras at

ME exists

or
Walras equilibrium
?

ME exists

0

(e)

...

No ME exists
_
m
M

(e)
Iljxuh 8

Lq jhqhudo/ zh fdqqrw vd| zkhwkhu htxloleulxp h{lvwv lq wkh jds +h,  p@P


+h,1 Exw zkhq doo xwlolwlhv x duh vhsdudeoh/ wkh txhvwlrq pdun glvdsshduv= wkh
uhjlrq lq txhvwlrq lq Iljxuh 8 idoov hqwluho| lqwr wkh grpdlq ri qrqh{lvwhqfh1
Wkh ixqfwlrq x = Uu
n $ U lv vdlg
S wr eh vhsdudeoh li wkhuh h{lvw ixqfwlrqv x = Un $
U/ iru c 5 O/ vxfk wkdw x+{, @ Mu x +{ , iru doo { 5 Uu
n 1 +FreeGrxjodv xwlolwlhv
kdyh wklv surshuw|1,
Iluvw zh hvwdeolvk wkh iroorzlqj Wkhruhp/ zklfk pd| eh ri vrph lqwhuhvw lq lwv
rzq uljkw1 Lw dvvhuwv wkdw iru vhsdudeoh xwlolwlhv/ dq PH vwulfwo| xvhv xs vrph ri wkh
jdlqv wr wudgh dydlodeoh dw wkh lqlwldo hqgrzphqw1
54

Wkhruhp : Frqvlghu d prqhwdu| hfrqrp| ++x > h > p ,MM > P, zlwk p
 A 3/ dqg

vxssrvh wkdw x lv vwulfwo| frqfdyh dqg vhsdudeoh iru doo k 5 K1 Vxssrvh wkhuh h{lvwv
dq PH ks> u> t> {l zlwk lqwhuhvw udwh u1 Wkhq +h, A u  +{,1
+Wkh vhfrqg lqhtxdolw| lq Wkhruhp : zdv vkrzq lq Wkhruhp 71, Iurp Wkhruhp
: zh lpphgldwho| jhw
Wkhruhp ; Dvvxph x lv vwulfwo| frqfdyh dqg vhsdudeoh iru k 5 K1 Wkhq dq PH
h{lvwv li dqg rqo| li +h, A p@P1

Lq rwkhu zrugv/ iru vwulfwo| frqfdyh dqg vhsdudeoh xwlolwlhv/ wkh vx!flhqw frqgl0
wlrq iru h{lvwhqfh +lq Wkhruhp 5, lv dovr qhfhvvdu| +dqg wklv lqflghqwdoo| vkrzv wkdw
Wkhruhp 5 fdqqrw eh vwuhqjwkhqhg,1

<

K|shulq dwlrq

Ohw xv { p
 dqg vwduw zlwk P vr odujh wkdw P@p
 lv zhoo wr wkh uljkw ri 4@+h,1 E|
Wkhruhp 5 htxloleulxp h{lvwv/ dqg e| Fruroodu| 6 lw lv qhduo| Zdoudvldq1 Lqfuhdvlqj
P vwloo ixuwkhu kdv olwwoh uhdo hhfw> qhduo| h{dfwo| wkh vdph uhdo wudghv duh frqgxfwhg1
Vlqfh doo ri P . p
 lv vshqw rq sudfwlfdoo| wkh vdph sxufkdvhv/ wkh sulfh ohyho48 ulvhv
olqhduo| zlwk P/ dqg zh kdyh wkh qrplqdo lq dwlrq ghslfwhg lq Iljxuh 91
Dv P idoov wrzdug p@+h,/

zkdw kdsshqv wr sulfh ohyhovB Wkh ghfolqh lq prqh|
vxjjhvwv wkdw sulfh ohyhov zloo frqwlqxh wr idoo1 Exw dv P idoov/ u @ p@P

ulvhv/
glvfrxudjlqj wudgh dqg prylqj xv wr ohvv h!flhqw doorfdwlrqv1 +E| Wkhruhp 7/ dw dq|
PH doorfdwlrq { ri d uhjxodu hfrqrp|/ +{, @ u1, Vpdoohu yroxphv ri wudgh T pdnh
iru kljkhu sulfh ohyhov1 Zklfk hhfw grplqdwhvB
Vxssrvh wkh hfrqrp| kdv vwulfwo| frqfdyh dqg vhsdudeoh xwlolwlhv1 Frqvlghu d vh0
txhqfh ri PH zlwk edqn prqh| P+q, dqg htxloleulxp sulfhv s+q,1 Vxssrvh P+q,
frqyhujhv wr p@+h,

iurp deryh1 Li s+q, uhpdlqv erxqghg/ wkhq e| sdvvlqj wr d
frqyhujhqw vxevhtxhqfh/ zh frxog vkrz wkh h{lvwhqfh ri PH dw P @ p@+h,/

frqwud0
glfwlqj Wkhruhp ;1 Khqfh s+q, $ 4 dqg wkh sulfh ohyho pxvw orrn vrphwklqj olnh
wkh iroorzlqj=
48

L1h1/ wkh sulfh ri vrph {hg jrrg lq whupv ri prqh|1 +Doo sulfh udwlrv zloo eh erxqghg/ vlqfh wkh
lqwhuhvw udwh lv erxqghg dfurvv doo PH1,
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Price
Level

Nominal inflation
and small real
effects (nearly
Walrasian trades)

Hyperinflation
and collapse of
real trade

_
m

(e)

_
m
(e)

M0

M

Iljxuh 9= p Il{hg
Rxu dqdo|vlv kdv wkh sdudgr{lfdo ihdwxuh wkdw wkhuh lv vrph vwrfn Pf ri edqn
prqh| zklfk plqlpl}hv wkh sulfh ohyho1 Li wkh edqn hdvhv/ dqg ohqgv pruh prqh|/
lq dwlrq zloo fuhhs lq/ wkrxjk wkh htxloleulxp doorfdwlrq zloo lpsuryh vrphzkdw1 Li
wkh edqn wljkwhqv lwv srolf|/ ohqglqj ohvv wkdq Pf / lq dwlrq zloo djdlq rffxu/ dqg
hyhqwxdoo| sulfh ohyhov zloo ulvh pxfk pruh udslgo| +l1h1/ pxfk idvwhu wkdq olqhduo|/

Zh fdoo wklv h{sorvlrq ri
vlqfh wkh| uhdfk lqqlw| ryhu d qlwh pryh Pf  p@+h,,1
sulfhv/ d k|shulq dwlrq1
Zh fdq dovr dwwulexwh wkh k|shu dwlrq wr fkdqjhv lq wkh vwrfn ri rxwvlgh prqh| p/

rffdvlrqhg shukdsv e| d jryhuqphqw hdjhu wr glvwulexwh prqh| wr sduwlfxodu surmhfwv1
Price
Level

Hyperinflation
and collapse of
real trade

Walras
equilibrium
_
m
(e)M

(e)M

Iljxuh := P Il{hg
Wrr elj d vfdo lqmhfwlrq p
 pxvw uhvxow lq dq h{sorvlrq ri sulfhv/ dqg froodsvh
ri wudgh/ dv zh dssurdfk wkh qlwh wkuhvkrog +h,P1 Qrwh wkdw zh fdqqrw eh vxuh
wkdw wkh sulfh ohyho idoov iru lqfuhdvhv ri p
 qhdu 3/ vlqfh sulfh ohyhov dw wkh Zdoudv
htxloleulxp duh qrz qlwh1
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Lw lv yhu| xvhixo wr frpsduh prqhwdu| lqmhfwlrqv P zlwk vfdo lqmhfwlrqv p1

Dv P $ 4 +kroglqj p
 {hg,/ sulfh ohyhov ulvh wr lqqlw| dw wkh vdph udwh/ dqg zh
kdyh qrplqdo lq dwlrq1 Dv p
 lqfuhdvhv +kroglqj P {hg,/ sulfh ohyhov ulvh dw dq df0
fhohudwlqj sdfh/ uhdfklqj lqqlw| zkhq p
 lv vwloo qlwh/ dqg wkxv jlylqj k|shulq dwlrq1
Zh vxppdul}h rxu glvfxvvlrq ri k|shulq dwlrq lq wkh iroorzlqj wkhruhp1
Wkhruhp < +K|shulq dwlrq, Il{ wkh uhdo vhfwru H  +x > h ,MM 1 Dvvxph x lv
vwulfwo| frqfdyh dqg vhsdudeoh iru k 5 K1 Frqvlghu d vhtxhqfh S
iP+q,> +p +q,,MM j"
?' /
 +q,@P +q, lq0
p
lqgh{hg e| q/ vxfk wkdw P +q, lv erxqghg dzd| iurp 3 dqg
MM
fuhdvhv prqrwrqlfdoo| wr +h,1 Hyhu| q ghqhv dq hfrqrp| zklfk/ e| Wkhruhp 5/ kdv
prqhwdu| htxloleuld1 Ohw s+q, eh dq PH frpprglw| sulfh yhfwru ri wkh qwk hfrqrp|1
Wkhq s+q, $ 4 dv q $ 41
Zh frqmhfwxuh wkdw k|shulq dwlrq rffxuv/ zlwkrxw wkh vhsdudelolw| k|srwkhvlv rq
xwlolwlhv/ dw vrph srlqw pW @P W ehwzhhq +h, dqvg +h,1
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Jryhuqphqw= Wuhdvxu| dqg Fhqwudo Edqn

Zh h{whqg rxu rqh0shulrg prgho e| dgglqj d jryhuqphqw1 Ildw prqh|/ diwhu doo/ lv
prqh| e| jryhuqphqw ghfuhh/ dqg eurxjkw lqwr ehlqj e| jryhuqphqw lvvxh1
Wkh jryhuqphqw surgxfhv sxeolf jrrgv ghqrwhg S @ i4> ===> S j1 Wkhvh jrrgv duh
qrw pdunhwhg/ exw jlyh xwlolw| wr krxvhkrogv1 Iru vlpsolflw| zh lpdjlqh d surgxfwlrq

ixqfwlrq I = Uu
n $ Un pdsslqj lqsxwv ri sulydwh jrrgv lqwr d xqltxh rxwsxw ri
sxeolf jrrgv1 Zh vxssrvh I lv frqwlqxrxv dqg I +3, @ 31
Sxeolf jrrgv kdyh lpsdfw rq krxvhkrogv* xwlolwlhv1 Iru dq| yhfwru } ri sxeolf jrrgv
suhvhqw lq wkh hfrqrp|/ x5 = Uu
n $ U lv wkh xwlolw| ri k 5 K ryhu klv frqvxpswlrq
ri sulydwh jrrgv1 Zh dvvxph wkdw/ iru hyhu| {hg }/ x5 +{, lv frqfdyh dqg vwulfwo|
prqrwrqlf lq {> dqg dovr wkdw x5 +{, lv frqwlqxrxv mrlqwo| lq }/ {1 +Qrwlfh wkdw zh gr
qrw qhhg wr dvvxph wkdw x5 +{, lv prqrwrqlf lq }1,
Zh glvwlqjxlvk wkh jryhuqphqw Wuhdvxu| ghsduwphqw/ zklfk fkrrvhv +TK6 > p> T6 > ,/
iurp wkh jryhuqphqw fhqwudo edqn/ zklfk vhwv P1 Wkh frpsohwh jryhuqphqw srolf|
lv jlyhq e| d yhfwru
  +P> TK6 > p> T6 > , 5 Unn  Un  UM  Uu
n  ^3> 4,=
Zh qrz ghvfuleh wkh irxu srolf| lqvwuxphqwv ri wkh Wuhdvxu|1
Wkh Wuhdvxu| ex|v doo lqsxwv iru surgxfwlrq/ vxfk dv oderu/ iurp wkh sulydwh
vhfwru1 Ghqrwh wkhvh h{shqglwxuhv e| T6 @ +T6 ,Mu 1
Wkh Wuhdvxu| dovr udlvhv wd{hv dqg wudqvihuv zhdowk1 Iru vlpsolflw| zh dvvxph
wkh vdph dg ydoruxp wd{ udwh rq wkh vdoh ri hyhu| jrrg dqg ghqrwh lw e|  5 ^3> 4,1
Dq djhqw zkr vhoov d yhfwru t ri jrrgv dw sulfhv s pxvw sd| wkh Wuhdvxu| s  t rxw
ri klv vdohv uhyhqxh s  t1 Zh ghqrwh e| p  +p ,MM wkh wudqvihu ri prqh| +wr
krxvhkrog k li p A 3/ dqg iurp krxvhkrog k li p ? 3,1 Zh dvvxph wkhvh oxps
vxp wudqvihuv rffxu diwhu edqn ordqv duh pdgh dqg ehiruh frpprglw| wudgh1 Oxps
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vxp wudqvihuv p duh uduho| revhuyhg lq uhdolw|/ hvshfldoo| li p ? 31 Zh lqfoxgh
wkhp iru wkhruhwlfdo uhdvrqv1
S
6 
Wr qdqfh lwv h{shqglwxuhv
T
Mu T6 rq lqsxwv iru surgxfwlrq dqg rq
S

prqh| wudqvihuv p
  MM p / wkh Wuhdvxu| fdq eruurz prqh| iurp wkh edqn/
lq frpshwlwlrq zlwk krxvhkrogv/ e| lvvxlqj lwv rzq erqgv TK6 1 Ohw
 6  TK6 @+4 . u,=
 .T
pq  p

+<14,

D vkruwidoo pq A 3 pxvw eh fryhuhg e| sulqwlqj prqh|/ dqg d vxusoxv pq ? 3 pxvw
eh lqyhqwrulhg1
Wkh Wuhdvxu| lv qrw doorzhg wr ghidxow rq lwv edqn ordq1 Ohw
pk  TK6  wd{ uhyhqxh  pd{ipq > 3j=

+<15,

Li lw fdqqrw uhsd| wkh ordq rxw ri lwv wd{ uhyhqxh dqg lqyhqwru|/ lw pxvw sulqw dgglwlrqdo
pk A 3> dqg pxvw glvsrvh ri h{fhvv prqh| li pk ? 31
Wkh exgjhw ghflw ri wkh Wuhdvxu| lv ghqhg e| wkh dprxqw ri prqh| lw pxvw
sulqw wr phhw lwv vshqglqj
ghflw  pd{ipq > 3j . pk  vxusoxv1
Li wkhuh lv qr ghflw +ru vxusoxv,/ wkh exgjhw lv edodqfhg1
Zh wklqn ri wkh Wuhdvxu| pdnlqj d exgjhw sodq dw wkh ehjlqqlqj ri wkh shulrg1
Wklv sodq frqvlvwv ri lwv lvvxh ri erqgv TK6 / lwv wudqvihuv +p ,MM dqg h{shqglwxuhv
+T6 ,Mu / dqg wkh wd{ udwh 1 Wkh Wuhdvxu| fdq dozd|v fduu| rxw lwv sodq/ qr pdwwhu
krz krxvhkrogv ehkdyh/ vr orqj dv lw lv iuhh wr sulqw prqh| ehiruh wudgh +pq A 3,/
ru krdug prqh| dfurvv wudglqj wlph +pq ? 3,/ dqg sulqw prqh| +pk A 3, ru ghvwur|
prqh| +pk ? 3, dw wkh hqg1 Srolflhv iru zklfk wkh jryhuqphqw eruurzv suhflvho|
zkdw lw qhhgv wr vshqg/ dqg wd{hv suhflvho| wr fryhu lwv ghew/ l1h1/ pq @ 3 @ pk / duh
fdoohg wrwdoo| edodqfhg exgjhw srolflhv1 Lq dq xqfhuwdlq zruog/ krzhyhu/ wkh Wuhdvxu|
pljkw qrw eh vxuh ri wkh surfhhgv iurp lwv vdoh ri erqgv/ ru ri lwv wd{ uhyhqxh1
Wkhuh zrxog qhhg wr eh d phfkdqlvp iru fryhulqj vkruwidoov dqg glvsrvlqj ri h{fhvv
prqh|1 Wkrxjk wkhuh lv qr xqfhuwdlqw| lq rxu prgho/ zh zlvk wr lqyhvwljdwh zkhwkhu
prqhwdu| htxloleulxp fdq eh pdlqwdlqhg hyhq zkhq wkh Wuhdvxu| idfhv lpedodqfhv1
Wkh uhvlgxdo yduldeohv +pq > pk ,/ zklfk dgmxvw iru lpedodqfhv/ duh ghwhuplqhg lq rxu
prgho xqltxho| iurp P/ +TK6 > p> T6 > ,/ u dqg wd{ uhyhqxh e| htxdwlrqv +<14,
dqg +<15,1 Zh lqyhvwljdwh zkhwkhu htxloleulxp h{lvwv iru duelwudu| frpsohwh srolflhv
+P> TK6 > p> T6 > ,/ hyhq li wkh| hqwdlo sulqwlqj prqh| ru ghvwur|lqj prqh|1
Lq Dphulfdq odz/ wkh Wuhdvxu| fdqqrw olwhudoo| sulqw prqh|/ exw pxvw eruurz lw
iurp wkh Ihghudo Uhvhuyh1 Exw wkh Ihghudo Uhvhuyh fdq sulqw wkh prqh|/ jlylqj lw
wr wkh Wuhdvxu| lq h{fkdqjh iru dq LRX qrwh1 E| qrw uhghhplqj wkh LRX qrwh/ ru
htxlydohqwo| e| uroolqj lw ryhu lq shushwxlw|/ wkh Wuhdvxu| sulqwv prqh| e| sur{|1
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Prqhwdu| Htxloleulxp zlwk Jryhuqphqw

Zh vkdoo ghqrwh e| +p, wkh vhw ri doo +frpsohwh,
srolflhv  S
wkdw duh frqvlvwhqw
S
6 
  MM p / T
zlwk wkh sulydwh vhfwru +H> p,1 Ghqrwh p
  MM p / p
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S

Mu T6 1 Wkhq
u
+p, @ +P> TK6 > p> T6 > , 5 Unn  Un  UM
n  Un  ^3> 4, =
6 A 3 =
 . p
 .T
p . p 5 UM
n>p

Wkxv wkh jryhuqphqw fdqqrw wdnh pruh prqh| iurp dq| krxvhkrog wkdq lw lv hqgrzhg
 . p
 .
zlwk +p . p 5 UM
n ,/ ru zlsh rxw doo wkh rxwvlgh prqh| lq wkh v|vwhp +p
 6 A 3,1 Wkurxjkrxw/ zkhq zh frqvlghu dq hfrqrp| +H> p> ,/ lw zloo eh dvvxphg
T
wkdw  5 +p,=
Wkh exgjhw vhw E+s> u> h > p . p > , ri krxvhkrog k lv ghqhg h{dfwo| dv
p zlwk p . p 1 Vhf0
E+s> u> h > p ,/ exw zlwk wzr dphqgphqwv1 Iluvw/ uhsodfh
S
 pxvw eh uhsodfhg e|
rqg/ wd{ pxvw eh ghgxfwhg iurp vdohv uhyhqxh +l1h1/ Mu s t6
S

Mu +4  ,s t6 ,1
Wkh yhfwru ks> u> +t  > { ,MM l lv d prqhwdu| htxloleulxp iru wkh hfrqrp| +H> p>  
+P> TK6 > p> T6 > ,, l
+l, +t > { , 5 E+s> u> h > p . p > , dqg x5 +{ ,  x5 +{ , iru doo +t  > { , 5
E+s> u> h > p . p > , zkhuh } @ I +T6 @s > ===> T6u @su ,
S
 @T .S

+ll, s MM t6
6
MM t6 / ;c 5 O
S
 @ +4 . u,P
+lll, TK6 . MM tK6
Wkxv krxvhkrogv duh rswlpdo lq wkhlu dphqghg exgjhw vhwv ++l,, dqg doo pdunhwv
fohdu ++ll,/ +lll,,/ wdnlqj wkh jryhuqphqw*v dfwlrqv lqwr dffrxqw1
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Jdlqv wr Wudgh dqg H{lvwhqfh ri Prqhwdu| Htxloleulxp

Jlyhq sulydwh prqh| +p ,MM  p dqg jryhuqphqw srolf|   +P> TK6 > p> T6 > ,/
frqvlghu wkh htxdwlrq=
&
%
[
[
{P


+p . p , .
T6 @ {=
.
+43,
j+{,  +4  ,
TK6 . {
MM

Mu

 6 A 3 dqg  ? 4/ zh kdyh j+3, A 31 Pruhryhu/ vlqfh P A 3 dqg
Vlqfh p
 . p
 .T
wkh ixqfwlrq +{,  {@+TK6 . {, lv vwulfwo| frqfdyh49 dqg prqrwrqlf dqg erxqghg
deryh +e| 4,/ doo wkhvh surshuwlhv duh lqkhulwhg e| j1 Lw iroorzv wkdw wkhuh h{lvwv d
xqltxh srvlwlyh vfdodu zklfk vroyhv wkh htxdwlrq1 Zh ghqrwh lw e| {+p> ,1
49

Xqohvv 'K6 ' f/ lq zklfk fdvh wkh judsk ri } lv krul}rqwdo/ vwloo |lhoglqj d xqltxh lqwhuvhfwlrq
zlwk wkh 78 olqh1
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g

_
_ _
(1 _ ) (m + m + Qm)
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x(m, )

x

Iljxuh ;
Dv zh vkdoo vhh lq wkh surri ri Wkhruhp 43/ wkh yduldeoh { jlyhv wkh wrwdo qxpehu
ri erqgv lvvxhg e| krxvhkrogv/ dqg j+{, jlyhv wkh wrwdo prqh| lq wkhlu kdqgv diwhu
frpprglw| wudgh/ dvvxplqj u A 31
Ghqh


TK6 . {+p> ,
4 =
+44,
+p> , @ pd{ 3>
P
Iru dq| } lq Un / ghqh wkh jdlqv wr wudgh  5 +h, lq wkh sulydwh vhfwru lq wkh
suhvhqfh ri sxeolf jrrgv }/ h{dfwo| dv ehiruh/ xvlqj wkh xwlolwlhv +x5 ,MM 1 Wkhq  f +h,
uhsuhvhqwv wkh jdlqv wr wudgh ehiruh dq| wudgh ru jryhuqphqw surgxfwlrq rffxuv1
Wkhruhp 43 Frqvlghu d prqhwdu| hfrqrp| +H> p> ,1 Vxssrvh  f +h, A uW 
uW +p> ,  + . +p> ,,@+4  ,1 Wkhq dq PH h{lvwv1 Pruhryhu li ks> u> t> {l lv dq
PH ri +H> p> ,/ wkhq u @ +p> ,1
Wkh h{lvwhqfh wkhruhp iru prqhwdu| htxloleulxp zlwk wkh jryhuqphqw glhuv lq
wzr uhvshfwv iurp rxu suhylrxv h{lvwhqfh Wkhruhp 51 Iluvw/ wkh jdlqv wr wudgh  f +h,
pxvw h{fhhg d wkuhvkrog uW wkdw lv juhdwhu wkdq mxvw wkh lqwhuhvw udwh u1 Vhfrqg/ wkh
htxloleulxp lqwhuhvw udwh u lv qr orqjhu d vlpsoh udwlr ri h{rjhqrxv vwrfnv ri rxwvlgh
dqg lqvlgh prqh|1
Dv lq prqhwdu| htxloleulxp zlwkrxw wkh Wuhdvxu|/ doo wkh prqh| lvvxhg e| wkh
edqn dqg doo wkh prqh| sulqwhg e| wkh Wuhdvxu| +dqg qrw ghvwur|hg, pxvw eh rzhg
dqg uhwxuqhg wr wkh edqn1 Wkxv wkh lqwhuhvw udwh pxvw eh
u@

p
 . pd{ipq > 3j . pk
=
P

Wkh Wuhdvxu| fdq lqmhfw prqh| lqwr wkh v|vwhp e| uxqqlqj d ghflw dqg sulqwlqj
lw +pd{ipq > 3j . pk A 3, ru wdnh lw rxw ri wkh v|vwhp e| uxqqlqj d vxusoxv dqg
ghvwur|lqj lw +pd{ipq > 3j . pk ? 3,1 Suhylrxvo| rqo| wkh edqn frxog lqmhfw ru
zlwkgudz prqh|1 Wkh ydoxhv pq dqg pk duh vroyhg hqgrjhqrxvo|/ dv sduw ri wkh
prqhwdu| htxloleulxp dorqj zlwk u1 Zlwkrxw wkh Wuhdvxu|/ wkh htxloleulxp lqwhuhvw
5:

udwh u zdv d vlpsoh udwlr ri wkh vwrfn ri rxwvlgh prqh| wr wkh vwrfn ri lqvlgh prqh|1
Zlwk wkh Wuhdvxu| hqgrjhqrxvo| sulqwlqj dqg ghvwur|lqj prqh| +ghshqglqj rq lwv
exgjhw ghflw zklfk ghshqgv rq wd{hv udlvhg, wkh lqwhuhvw udwh fdqqrw eh vr hdvlo|
fdofxodwhg iurp wkh h{rjhqrxv sdudphwhuv +H> p> ,1
Qhyhuwkhohvv/ Wkhruhp 43 vkrzv wkdw wkh htxloleulxp lqwhuhvw udwh u @ +p> ,
dqg wkh lpshglphqw wr wudgh uW @ uW +p> , gr qrw ghshqg rq wkh xqghuo|lqj sk|vlfdo
hfrqrp| +x > h ,MM lq dq| zd|1 Zh hpskdvl}h wkdw wklv lv ehfdxvh wkhuh lv rqo| rqh
wlph shulrg1 Zlwk wzr ru pruh wlph shulrgv/ qrplqdo lqwhuhvw udwhv zrxog ghshqg
rq wkh xqghuo|lqj sk|vlfdo hfrqrp| ^43`1
Wkhruhp 43 hqdeohv d sduwlwlrq ri wkh srolf| vsdfh +p, lqwr wzr uhjlrqv f +p,
dqg n +p, vxfk wkdw/ li  5 f +p,/ wkh lqwhuhvw udwh +dw hyhu| PH ri +H> p> ,, lv
}hur> dqg li  5 n +p,/ wkh lqwhuhvw udwh lv srvlwlyh1 Ghqh
 6 ,  +@+4  ,,+P  TK6 ,j
f +p,  i+P> TK6 > p> T6 > , 5 +p, = +p
 . p
 .T
dqg

n +p,  +p,qf +p,=

Fruroodu| 7 Vxssrvh ks> u> +t  > { ,MM l lv dq PH ri +H> p> ,1 Wkhq
u @ 3 /  5 f +p,
+dqg vr u A 3 /  5 n +p,,=
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Zhoiduh dqg Jdlqv wr Wudgh

Zlwkrxw wd{dwlrq/ zh vdz wkdw wkh lqwhuhvw udwh fuhdwhg dq lpshglphqw wr wudgh1
Wd{dwlrq dggv dqrwkhu lpshglphqw/ dqg h{dfhuedwhv wkh lqwhuhvw udwh lpshglphqw1
Wr vhh zk|/ frqvlghu d krxvhkrog wkdw zlvkhv wr vhoo hqrxjk jrrgv wr qdqfh sxufkdvhv
zruwk rqh groodu1 Wkh krxvhkrog pxvw lqfxu d ghew ri 4 . u grooduv/ dqg wkhq vhoo
jrrgv rq zklfk lw zloo sd| wkh wd{ / eulqjlqj lwv wrwdo frvw wr +4 . u,@+4  ,1 Wklv
lv wdqwdprxqw wr sd|lqj dq hhfwlyh lqwhuhvw udwh ri uW @ ^+4 . u,@+4  ,`  4 @
+u . ,@+4  ,1 Doo rxu suhylrxv wkhruhpv rq zhoiduh krog +e| wkh vdph surriv,
zlwk wklv wkuhvkrog uW lq sodfh ri wkh edqn lqwhuhvw udwh u1 Iru uhjxodu hfrqrplhv +lq
zklfk xwlolwlhv duh vprrwk dqg htxloleulxp frqvxpswlrq { A 3 zkhqhyhu h A 3,/
uW phdvxuhv suhflvho| wkh xqh{sorlwhg jdlqv wr wudgh dw dq| prqhwdu| htxloleulxp
doorfdwlrq ++{ ,MM > },1
Jryhuqphqw srolflhv zklfk lqfuhdvh uW pryh wkh htxloleulxp doorfdwlrq wr ++{ ,MM > },
dw zklfk wkhuh duh pruh xqh{sorlwhg jdlqv wr wudgh1 Exw zhoiduh pljkw qhyhuwkhohvv
eh lqfuhdvhg li wkh srolf| ohdgv wr pruh sxeolf jrrgv } @ I +T6 @s > ===> T6u @su ,/
dqg li frqvxphuv ydoxh wkhvh sxeolf jrrgv1
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Prqhwdu| dqg Ilvfdo Srolf|
Qrplqdo Frpsdudwlyh Vwdwlfv lq dq LVOP Iudphzrun

Pdfurhfrqrplfv vhhnv wr xqghuvwdqg djjuhjdwh yduldeohv vxfk dv wrwdo rxwsxw zlwkrxw
sd|lqj fduhixo dwwhqwlrq wr wkh plfurhfrqrplf ghwdlov1 D frpsohwh ghvfulswlrq ri
5;

htxloleulxp lq rxu prgho zrxog uhtxluh nqrzohgjh ri doo plfurhfrqrplf sduwlfxoduv1
Fkdqjlqj vrph krxvhkrog x ru h zrxog w|slfdoo| fkdqjh htxloleulxp sulfhv s dqg
frqvxpswlrq +{ ,MM iru doo krxvhkrogv1 Udlvlqj T6 e| '4 dqg orzhulqj vrph rwkhu
T6 e| '4 zrxog gr wkh vdph1
Zh vkdoo vkrz/ krzhyhu/ wkdw wkh htxloleulxp lqwhuhvw udwh u dqg qrplqdo JQS
\ fdq eh fdofxodwhg zlwkrxw nqrzohgjh ri plfurhfrqrplf ghwdlov1 Lqghhg/ zulwh
djjuhjdwh vfdo dqg prqhwdu| srolf| dv wkh irxu0glphqvlrqdo yhfwru


 6 > ,=
 . p
 .T

  +P> TK6 >   p
Zh wklqn ri wkh uvw wzr frruglqdwhv dv djjuhjdwh prqhwdu| srolf|/ dqg wkh odwwhu wzr
frruglqdwhv dv djjuhjdwh vfdo srolf|1 Zh vkdoo vkrz wkdw u dqg \ fdq eh fdofxodwhg
iurp 
 dorqh yld d judsklfdo dqdo|vlv lghqwlfdo wr wkh Klfnvldq LVOP iudphzrun1
Hdfk fxuyh fruuhvsrqgv wr wkh orfxv ri srlqwv +\> u, ghvfulelqj jrrgv pdunhw fohdulqj/
ru prqh| pdunhw fohdulqj/ ru erqg pdunhw fohdulqj1
Lq wklv vhfwlrq zh dvvxph wkdw jryhuqphqw srolf| lv frqvlvwhqw zlwk wkh h{lvwhqfh
ri prqhwdu| htxloleulxp zlwk d srvlwlyh lqwhuhvw udwh/ l1h1 +iurp Wkhruhp 43,
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Ghqh
qrplqdo
JQS \ dv djjuhjdwh vshqglqj rq frpprglwlhv=
S
S

\ @
 . p1
 Dq0
Mu s MM t6 1 Djhqwv zloo dozd|v vshqg doo wkhlu fdvk p
wlflsdwlqj uhyhqxh +4  ,\ iurp wkhlu vdoh ri frpprglwlhv/ dqg nqrzlqj wkdw wkhuh
lv rqo| rqh frqvxpswlrq shulrg/ frqvxphuv zloo eruurz dqg vshqg dq dgglwlrqdo
 6 / pdunhw fohdulqj iru frpprglwlhv
+4  ,\@+4 . u,1 Vlqfh jryhuqphqw vshqgv T
uhtxluhv


+4  ,\
 6 @ \ / ru
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 .T
4.u
4.u
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+43,
.u
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Qrwh wkdw iru  ? 4/ \ ghfolqhv lq u/ iru dq| {hg  A 31 Zh fdoo +43, wkh lqfrph @
vshqglqj htxdwlrq/ ru LV iru vkruw1
 6 / krxvhkrogv zloo ghpdqg suhflvho|
Dqwlflsdwlqj wkdw wkh| zloo eh vshqglqj \  T
wklv vdph dprxqw ri prqh| li u A 31 Vlqfh jryhuqphqw ghpdqg iru prqh| lv TK6 @+4.
u,/ prqh| pdunhw fohdulqj uhtxluhv wkdw
\ @

 6 , . TK6 @ P . p
 . p/
 ru
+\  T
4.u
T
\ @ P .   K6
4.u

+44,

Dqwlflsdwlqj djdlq wkdw wkhlu uhyhqxh iurp frpprglw| vdohv zloo eh +4  ,\ /
krxvhkrogv zloo rhu wr vhoo h{dfwo| wkdw pdq| erqgv +dvvxplqj u A 3 vr wkh| gr qrw
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lqyhqwru| dq| prqh|,1 Erqg pdunhw fohdulqj wkhuhiruh uhtxluhv wkdw
TK6 . +4  ,\
/ ru
P
4.u
TK6
@
P
=
4
4

4.u @
\

+45,

Wkhvh wkuhh htxdwlrqv duh gudzq lq wkh idploldu +\> u, sodqh ehorz1
r

LM(M, Qbm , )
B(M, Q bm , )

IS ( , )
Y

Iljxuh <
Qrwh wkdw wkh frpprglw| pdunhw fohdulqj htxdwlrq +43, ghshqgv rqo| rq vfdo
sdudphwhuv +> ,/ dqg lv lqghshqghqw ri P dqg TK6 1 Vlploduo| erqg pdunhw fohdulqj
grhv qrw ghshqg rq / dqg prqh| pdunhw fohdulqj grhv qrw ghshqg rq 1 Wkh vorshv
ri wkh fxuyhv duh ghulyhg iurp htxdwlrqv +43,+45,1 Lq sduwlfxodu/ vlqfh TK6 @+4.u,2 ?
P/ wkh prqh| pdunhw fohdulqj fxuyh vorshv xs idvwhu wkdq wkh erqg pdunhw fohdulqj
fxuyh qhdu wkh htxloleulxp +u> \ ,1
Doo wkh xvxdo Nh|qhvldq frpsdudwlyh vwdwlfv krog1 Lqfuhdvlqj P e| '4 vkliwv
wkh OP fxuyh '4 wr wkh uljkw dqg wkh E fxuyh +4 . u,@+4  , A 4 grooduv wr wkh
uljkw/ ohdylqj wkh LV fxuyh xqfkdqjhg1 Wkxv u ghfolqhv dqg \ ulvhv e| ohvv wkdq '41
Lqfuhdvlqj jryhuqphqw vshqglqj e| '4/ qdqfhg e| sulqwlqj prqh|/ pryhv wkh F
fxuyh +4 . u,@+ . u, A 4 grooduv wr wkh uljkw/ dqg vkliwv wkh OP fxuyh h{dfwo| '4 wr
wkh uljkw/ zkloh ohdylqj wkh E fxuyh xqfkdqjhg1 Wkxv u ulvhv dqg \ ulvhv e| pruh
wkdq '41 Lqfuhdvlqj jryhuqphqw eruurzlqj e| vhoolqj 4 . u pruh erqgv vkliwv wkh OP
fxuyh '4 wr wkh ohiw dqg wkh E fxuyh +4 . u,@+4  , A 4 groodu wr wkh ohiw1 Wkxv u
lqfuhdvhv dqg \ ghfuhdvhv e| ohvv wkdq '41 Lq doo wkuhh fdvhv uW pryhv lq wkh vdph
gluhfwlrq dv u/ vlqfh  lv {hg1
Lqfuhdvlqj  e| 4( pryhv wkh E fxuyh dqg wkh LV fxuyh grzq e| pruh wkdq 4(/
zkloh ohdylqj wkh OP fxuyh xqfkdqjhg1 Wkhuhiruh u jrhv grzq e| pruh wkdq 4(/
dqg \ jrhv grzq1 Iurp +43, zh kdyh wkdw \ ^+4  ,@+4 . u,` @ @uW 1 Iurp +45, zh
nqrz wkdw \ +4  , gursv e| d eljjhu shufhqwdjh wkdq 4 . u/ vlqfh TK6 dqg P duh
{hg1 Khqfh \ ^+4  ,@+4 . u,` ghfolqhv dqg vr uW lqfuhdvhv zkhq  lqfuhdvhv1
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Dw dq| exgjhw0edodqfhg srolf|/ u @ p@P

dqg \  p.P1

Dw dq| wrwdoo| exgjhw0
edodqfhg srolf|/ \ @ p
 . P/ h{dfwo| dv zdv wkh fdvh zlwkrxw wkh Wuhdvxu|1 Exgjhw0
 6 gr qrw udlvh qrplqdo lqfrph \ 1
edodqfhg lqfuhdvhv lq jryhuqphqw h{shqglwxuhv T
Lq wkh Nh|qhvldq prgho wkh| gr lqfuhdvh \ / ehfdxvh krxvhkrogv* pdujlqdo surshqvlw|
wr frqvxph lv dvvxphg wr eh ohvv wkdq rqh +zkloh wkh jryhuqphqw vshqgv doo lwv
wd{ uhyhqxh,1 Lq rxu rqh0shulrg prgho/ krxvhkrogv kdyh qr uhdvrq wr vdyh/ dqg wkhlu
pdujlqdo surshqvlw| wr frqvxph lv wkhuhiruh rqh1 Lq d wrwdoo| exgjhw0edodqfhg srolf|/
wkh jryhuqphqw*v surshqvlw| wr vshqg lv dovr rqh/ zkloh lq d edodqfhg0exgjhw srolf|/
wkh Wuhdvxu| pd| eruurz dqg krdug wkh prqh|/ sd|lqj wkh lqwhuhvw e| udlvlqj wd{hv/
dqg wkxv lwv surshqvlw| wr vshqg rxw ri wd{ uhyhqxh pd| eh ohvv wkdq rqh1
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Oltxlglw| Wuds

Rqh qhz skhqrphqrq lqwurgxfhg e| wkh suhvhqfh ri wkh jryhuqphqw lv wkh srvvlelolw|
wkdw lqwhuhvw udwhv ehfrph }hur hyhq zkhq wkhuh duh lqlwldo vwrfnv ri rxwvlgh prqh|
 wkhq u ehfrphv }hur1
p
 A 31 Li wkh jryhuqphqw vxusoxv/  pd{ipq > 3j  pk @ p/
Dw uvw jodqfh wklv vhhpv olnh d nqlih0hgjh fdvh/ exw lq idfw wkh uhjlrq zkhuh u @ 3
lv txlwh urexvw1 Ghqh



=
Wf +p,   5 f +p, =  f +h, A
4
Fruroodu| 8 Il{ +H> p,1 Wkhq iru dq| jryhuqphqw srolf|  @ +P> TK6 > p> T6 > ,
lq wkh qrqhpsw| rshq vhw W  lqw Wf +p,/ prqhwdu| htxloleulxp h{lvwv/ dqg dw hyhu|
prqhwdu| htxloleulxp wkh lqwhuhvw udwh lv }hur1
Iru dq| srolf| lq wkh oltxlglw| wuds/  5 W / htxloleulxp ohdyhv @+4  , xqh{0
sorlwhg jdlqv wr wudgh/ dqg ohdyhv u @ 31 Qr vpdoo srolf| fkdqjh wkdw pdlqwdlqv
wkh wd{ udwh  zloo eh deoh wr exgjh wkh lqwhuhvw udwh ru lpsuryh wkh jdlqv wr wudgh1
Lq wkh oltxlglw| wuds/ jryhuqphqw prqhwdu| srolf| +P> TK6 , lv srzhuohvv wr lpsuryh
krxvhkrog wudgh li wkh Wuhdvxu| gduhv qrw uhgxfh wd{hv1
Lq wkh oltxlglw| wuds krxvhkrogv eruurz prqh| dqg krdug vrph ri lw1 E| htxdwlrq
+43,/ zlwk u @ 3/ wrwdo h{shqglwxuh pxvw eh @1 Wkh uhpdlqlqj prqh| pxvw eh
eruurzhg dqg krdughg1 Dv wkh wd{ udwh  lv lqfuhdvhg/ krxvhkrogv krdug pruh/ \ @
JQS ghfolqhv/ dqg wd{ uhyhqxh @ \ @ @ @  vwd|v wkh vdph/ dv grhv wkh exgjhw
vxusoxv1 Wklv h{sodlqv zk| wkh oltxlglw| wuds uhjlrq lv urexvw/ dqg krz dq rshq vhw
ri jryhuqphqw srolflhv fdq ohdyh wkh exgjhw vxusoxv xqfkdqjhg1
Li wkh jryhuqphqw lqvlvwv rq ixuwkhu dqg ixuwkhu lqfuhdvhv lq wkh wd{ udwh / lw zloo
ghsuhvv qrplqdo JQS1 Dv @+4  , dssurdfkhv  f +h,/ uhdo JQS zloo froodsvh wr }hur
+li xwlolwlhv duh vhsdudeoh,/ e| Wkhruhp :1
 6 / zlwkrxw udlvlqj
Lq wkh oltxlglw| wuds/ lqfuhdvlqj vfdo h{shqglwxuhv p
 .T
wd{hv/ kdv d vrphzkdw vxusulvlqj pxowlsolhu hhfw1 Li wkh jryhuqphqw sulqwv rqh
 6 e| 4/ wkhq djjuhjdwh vshqglqj \ pxvw lqfuhdvh e|
h{wud groodu/ lqfuhdvlqj p
 .T
4@1
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Xqiruwxqdwho|/ wklv uhpdundeoh vwlpxoxv wr JQS vsulqjlqj iurp jryhuqphqw
vshqg0
S
lqj lv prvwo|S
lq dwlrq gulyhq1 Frqvlghu wkh vshfldo fdvh wkdw 4 @ MM p dqg


 6 @ 3 @ TK6 1 Wkhq wkh hhfw lv sxuho| iurp
p @ p @ MM p iru doo k/ dqg T

lq dwlrq/ zlwk frqvxpswlrq +{ ,MM xqfkdqjhg1
 6 @ TK6 @
Lw lv zruwk qrwlqj wkdw zkhq wkh jryhuqphqw wdnhv qr dfwlrqv p
 @T
3/ h{fhsw wr wd{  A 3/ wkh PH fruuhvsrqg wr Zdoudv htxloleulxp
zlwk dg ydoruhp
S

wd{  dqg oxps vxp uhglvwulexwlrqv ri wkh wd{ uhyhqxh p @ MM p wr hdfk djhqw
k 5 K1 Rxu h{lvwhqfh Wkhruhp 43 wkxv suryhv wkh h{lvwhqfh ri Zdoudv htxloleulxp
zlwk wd{hv1

4416

K|shulq dwlrq

 6 A 3 dqg wudqvihuv p
Sxeolf jrrgv h{shqglwxuhv T
 A 3 pd| eh ri juhdw ydoxh wr wkh
hfrqrp|1 Exw li wkh Wuhdvxu| ehfrphv wrr dpelwlrxv e| vshqglqj ru eruurzlqj wrr
pxfk/ lw zloo qhfhvvdulo| hqjhqghu d vhoi0ghihdwlqj k|shulq dwlrq= s $ 4/ { $ h /
 6 ru TK6 dssurdfk qlwh wkuhvkrogv1
} $ 3 dv T
Zh dujxh wklv lq wkh frqwh{w ri vhsdudeoh xwlolwlhv/ dv lq Vhfwlrq <1 Wkhuh zh
vkrzhg wkdw li wkh lpshglphqw wr wudgh dssurdfkhg +h,/ wkhq k|shulq dwlrq qhfhv0
vdulo| vhw lq1 Wkh idfw wkdw qr prqh| zdv ehlqj krdughg e| krxvhkrogv zdv fuxfldo
lq wkdw dujxphqw1
Zh zloo vxssrvh  5 n +p, vr wkdw wkh lqwhuhvw udwh lv srvlwlyh dqg krxvh0
krogv djdlq gr qrw krdug prqh|1 Uhfdoo wkdw wkh lpshglphqw wr wudgh lv qrz
uW  uW +p> ,  ^ . pd{i3> +TK6 . {+p> ,,@P,  4j`@+4  ,1 Fohduo| uW +p> ,
 W6 1 Lqghhg ohw TW @ P+ f +h, . 4,1
dssurdfkhv  f +h, dw qlwh wkuhvkrogv TWK6 dqg T
K6
Wkhq/ iru TK6  TWK6 / wkh lpshglphqw uW +p> ,   f +h, qr pdwwhu zkdw p/ T6 /
 6 > vr ohw
 W6 / uhfdoo {+p> , @ j+{+p> ,,  +4  ,T
ru  pd| eh1 Wr frpsxwh T
W
W
W
6  T
 6 / zh jhw u +p> ,   f +h, qr pdwwhu
 6 @ P+ f +h, . 4,@+4  ,1 Wkhq li T
T
 W6 grhv ghshqg rq ,1
zkdw p dqg TK6 pd| eh +exw wklv vhfrqg wkuhvkrog T
E| lwv rzq sur ljdf|/ eruurzlqj ru vshqglqj wrr pxfk/ wkh Wuhdvxu| ghvwur|v wkh
ydoxh ri lwv dw prqh|/ dqg dovr lwv srzhu wr surgxfh dq| sxeolf jrrgv ru wr wudqvihu
dq| uhdo zhdowk1

4417

Uhdo Frpsdudwlyh Vwdwlfv= Wkh Ulfdugldq Htxlydohqfh
ehwzhhq Srolflhv

Lq wklv vhfwlrq zh lqyhvwljdwh wkh uhdo frqvhtxhqfhv ri prqhwdu| dqg vfdo srolf|1
Wklv jlyhv d yhu| glhuhqw slfwxuh iurp wkh qrplqdo hhfwv ghvfulehg lq Vhfwlrq 44141
Iru h{dpsoh/ zh vkdoo vkrz wkdw jryhuqphqw h{shqglwxuhv rq sxeolf jrrgv kdyh wkh
vdph uhdo hhfw +xs wr vfdoh, zkhwkhu wkh| duh exgjhw0edodqfhg qdqfhg/ e| ghew
uhsdlg odwhu rxw ri wd{ uhyhqxh/ ru ghflw qdqfhg e| sulqwlqj prqh|1 \hw zh vdz lq
Vhfwlrq 4414 wkdw edodqfhg0exgjhw qdqflqj grhv qrw lqfuhdvh wkh lqwhuhvw udwh u ru
qrplqdo lqfrph \ / zkhuhdv sulqwlqj prqh| grhv lqfuhdvh erwk u dqg \ 1 Wklv uhdo
Ulfdugldq htxlydohqfh wxuqv rxw wr eh gholfdwh wr suryh1 Li wkh Wuhdvxu| qdqfhv
lwv sxufkdvhv e| sulqwlqj prqh|/ lw zloo fdxvh dq lq dwlrq ri frpprglw| sulfhv/ zklfk
zloo irufh lw wr sodq sursruwlrqdwho| kljkhu h{shqglwxuhv wr pdlqwdlq wkh vdph uhdo
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sxufkdvhv1 Lq dgglwlrq/ lq rughu wr dfklhyh doo wkh vdph uhdo hhfwv dv wkh exgjhw0
edodqfhg h{shqglwxuhv/ wkh Wuhdvxu| zloo eh reoljhg wr sulqw vwloo pruh prqh| wr
pdnh wudqvihuv wr frpshqvdwh wkh kroghuv ri prqh| zkr zloo eh kxuw e| wkh lq dwlrq1
Zh ghvfuleh wkh suhflvh htxlydohqfh ehwzhhq jryhuqphqw srolflhv lq wkh Fruroodu|
wr Wkhruhp 441 Wkh nh| wr wkh htxlydohqfh lv wkh revhuydwlrq wkdw uhdo wudgh lv
 lqfuhdvhv u/ dqg
lq xhqfhg e| uW / dqg qrw e| u1 Sulqwlqj dqg vshqglqj prqh| p
W
wkhuhiruh dovr u / zkloh exgjhw0edodqfhg h{shqglwxuhv ohdyh u {hg/ exw lqfuhdvh /
dqg khqfh dovr uW 1
E| gluhfwlqj jryhuqphqw vshqglqj wrzdug rqh sxeolf jrrg dv rssrvhg wr dqrwkhu/
ru e| wudqvihuulqj zhdowk iurp rqh jurxs wr dqrwkhu/ wkh jryhuqphqw fdq lq xhqfh
uhdo rxwfrphv zlwkrxw fkdqjlqj wkh qrplqdo ydoxhv fdofxodwhg lq wkh odvw vhfwlrq1
Ulfdugldq htxlydohqfh grhv qrw dsso| lq wkhvh fdvhv1 Krzhyhu/ zh zlvk wr frqfhqwudwh
rq wkh djjuhjdwh uhdo hhfwv ri djjuhjdwh srolf|1 Vr zh uhvwulfw dwwhqwlrq wr djjuhjdwh
srolflhv iru zklfk doo p pryh lq wkh vdph sursruwlrq/ dqg doo T6 pryh lq wkh
vdph sursruwlrq1 Wkxv zh duh edfn wr yh srolf| lqvwuxphqwv +P> TK6 > p> T6 > ,1
Wkh Wuhdvxu| fdq dozd|v fuhdwh uhdo fkdqjhv e| fkdqjlqj lwv pl{ ri h{shqgl0
wxuhv ehwzhhq wudqvihuv wr krxvhkrogv/ dqg vshqglqj rq sxeolf jrrgv1 Li zh { wklv
pl{/ wkhq Wkhruhp 44 ghprqvwudwhv wkdw wkh Wuhdvxu|/ zlwk lwv wkuhh srolf| wrrov
+TK6 > +p> T6 ,> ,/ fdq dfklhyh qr pruh dqg qr ohvv wkdq wkh vdph uhdo hhfwv dfklhy0
deoh e| wkh fhqwudo edqn zlwk lwv vlqjoh srolf| lqvwuxphqw P1 Lq wkh qrplqdo LVOP
iudphzrun/ wkh Wuhdvxu| dqg wkh fhqwudo edqn kdg frpsohphqwdu| srolf| wrrov/ rqh
frqwuroolqj wkh OP fxuyh/ dqg wkh rwkhu wkh LV fxuyh +dqg shukdsv wkh OP fxuyh,1
Lq uhdo whupv/ lw wxuqv rxw wkdw zkdwhyhu wkh Wuhdvxu| fdq gr e| sulqwlqj prqh|
+dqg lqfuhdvlqj doo h{shqglwxuhv e| wkh vdph sursruwlrq, ru e| udlvlqj frpprglw|
wd{hv +xqlirupo| dfurvv jrrgv,/ wkh fhqwudo edqn fdq gr e| uhgxflqj wkh prqh| vwrfn1
Wuhdvxu| srzhu ehfrphv glvwlqfw iurp wkh fhqwudo edqn rqo| zkhq lw wdujhwv d sduw
ri wkh hfrqrp|/ iru h{dpsoh e| vkliwlqj uhvrxufhv iurp sulydwh surgxfwlrq wr sxeolf
surgxfwlrq1
Ohw ks> u> t> {l eh dq PH ri +H> p> , zkhuh   +P> TK6 > p> T6 > ,1 Zkdw duh
 6> 
 >T
 K6 > p>
 T
 , iru zklfk { uhpdlqv dq PH doorfd0
htxlydohqw srolflhv 
  +P
wlrqB
Zh vkdoo ydu| +p> T6 , olqhduo| zlwk d vlqjoh sdudphwhu  5 Unn dv iroorzv=
p +, @ +p . p ,  p / iru k 5 K
T6 @ T6 / iru c 5 O=
 
 >T
 K6 > >
 ,/ zkhuh
Wklv hqdeohv xv wr wklqn ri d srolf| dv d irxu0glphqvlrqdo yhfwru +P
 6 , @ +p+,> T6 +,,1
+p>
 T
Htxlydohqw srolflhv fdq eh slfwxuhg dv d vprrwk vxuidfh lq irxu glphqvlrqv1 Lq
sduwlfxodu wklv slfwxuh uhyhdov wkdw dq duelwudu| vpdoo fkdqjh lq dq| wkuhh srolf|
yduldeohv/ fdq eh frpshqvdwhg e| dgmxvwlqj wkh irxuwk yduldeoh/ wr uhwdlq { dv dq PH
doorfdwlrq1
Zh ghvfuleh wkh vxuidfh dv d ixqfwlrq  = G $ Un zkhuh G  Un 1 Iru dq|
 @ +P>
 T
 K6 > 

 K6 > 
 , 5 G/ vhwwlqj 
 , zloo |lhog dq htxlydohqw srolf|1 Qhhgohvv
+P> T
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wr vd|/ wkh grpdlq G dqg wkh ixqfwlrq  ghshqg xsrq erwk ks> u> t> {l dqg  
+P> TK6 > p> T6 > ,1
Ghqrwh uW  +u . ,@+4  ,1 Wkhq wkh grpdlq G lv jlyhq e|=


uW
2
W




 , 5 Unn  Un = 3  
 W
 ,P =
> TK6 ? +u . 4,+4  
G @ +P> TK6 > 
u .4
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Fruroodu| Ohw ks> u> t> {l eh dq PH ri +H> p> P> TK6 > p> T6 > , dqg dvvxph P 
+TK6 @+4 . u,, A 31 Wkhq wkhuh h{lvw srolflhv   /  2 /  zklfk duh htxlydohqw wr
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Surri ri Ohppd 5 Li qr0wudgh lv d Zdoudv htxloleulxp/ wkhq/ e| wkh uvw zhoiduh
wkhruhp/ h lv Sduhwr rswlpdo zlwk uhvshfw wr +y ,MM / dqg khqfh wkhuh duh qrw jdlqv0
wr00glplqlvkhg0wudgh dw h +zlwk uhvshfw wr +x ,MM ,1 Frqyhuvho|/ li wkhuh duh qrw
jdlqv0wr00glplqlvkhg0wudgh dw h +zlwk uhvshfw wr +x ,MM ,/ wkhq h lv Sduhwr rswlpdo
zlwk uhvshfw wr wkh xwlolwlhv +y ,MM 1 E| wkh vhfrqg zhoiduh wkhruhp/ qr0wudgh lv d

Zdoudv htxloleulxp iru +y ,MM 1
Surri ri Ohppd 6 Li +{, @ 3/ wkh ohppd lv reylrxv/ vlqfh +|, S3 iru dq| |1
Vr vxssrvh +{, A  A 31 Wkhq zh fdq qg wudghv +  ,MM vxfk wkdw MM   @ 3
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Surri ri Wkhruhp 4 Zh uvw suryh wkh wkhruhp dvvxplqj wkdw hdfk x lv vwulfwo|
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doo n/ e| sdvvlqj wr frqyhujhqfh vxevhtxhqfhv zh pd| vxssrvh wkdw s+n, $ s
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vxevhtxhqfh ri n1 Zh ghqrwh lw +c > ===> c? ,/ +k > ===> k? ,1
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Surri ri Fruroodu| 4 Li +  ,MM lpsuryhv rq +{ ,MM / iru wkh xwlolwlhv y / wkhq
dq| Zdoudv htxloleulxp ks> +
{ ,MM l iru wkh hfrqrp| +y > { ,MM pxvw lqyroyh vrph
qrq}hur wudgh1 Iurp wkhvh h{fhvv ghpdqgv dw htxloleulxp zh fdq h{wudfw d f|foh/ dv
lq wkh surri ri Wkhruhp 41
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iru frqfdyh xwlolwlhv/ ohiw0kdqg ghulydwlyhv duh frqwlqxrxv iurp wkh ohiw dqg h{fhhg
uljkw0kdqg ghulydwlyhv/ zklfk duh frqwlqxrxv iurp wkh uljkw1
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+Wklv shuplwv wkh xvh ri wkh qrwdwlrq +t  > { , lq wkuhh glhuhqw vhqvhv= dv wkh yhfwru
lq U2nun  Uu
n / zklfk lv wkh frpprq lqglylgxdo vwudwhj| fkrvhq e| hdfk krxvhkrog
w 5 +k  4> k` ri w|sh k> dv wkh frqvwdqw ixqfwlrq zklfk pdsv hdfk w 5 +k  4> k` wr wkh
yhfwru +t  > { , dqg ghvfulehv wkh v|pphwulf vwudwhj|0vhohfwlrq ri krxvhkrogv ri w|sh
k> dqg dv wkh lqwhjudo ri wklv frqvwdqw ixqfwlrq rq wkh xqlw lqwhuydo +k  4> k`/ zklfk
jlyhv wkh djjuhjdwh vwudwhj| e| krxvhkrogv ri w|sh k1 Wkh vhqvh lq zklfk +t  > { , lv
xvhg zloo eh lqglfdwhg/ ru hovh zloo eh fohdu iurp wkh frqwh{w1,
Jlyhq d vwudwhj|0vhohfwlrq +t> {,  +t  > { ,MM e| doo krxvhkrogv/ pdunhw sulfhv
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+Lq wkh deryh irupxodh/ uhdg t  dv lqwhjudo dqg +t> {, dv d ixqfwlrq1, Lq wkh jdph
J0 / zh lpdjlqh dq h{whuqdo djhqw zkr sxwv xs % xqlwv ri jrrgv/ prqh| dqg erqgv
dv lqglfdwhg lq wkh irupxodh1 Sulfhv irup wr fohdu doo pdunhwv +wdnlqj wkh h{whuqdo
djhqw lqwr dffrxqw,1 Lq rwkhu zrugv/ doo ri P lv glvexuvhg wr krxvhkrogv dqg wkh
h{whuqdo djhqw lq sursruwlrq wr wkhlu erqgv> dqg dw hdfk frpprglw|0prqh| pdunhw
doo wkh prqh| +ru/ frpprglw|, uhfhlyhg lv glvexuvhg wr krxvhkrogv dqg wkh h{whuqdo
djhqw lq sursruwlrq wr wkh frpprglw| +ru/ prqh|, vhqw e| wkhp1 Ri frxuvh/ jlyhq dq
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duelwudu| vhohfwlrq +t> {,/ lw pd| zhoo kdsshq wkdw dw wkh hphujhqw sulfhv krxvhkrogv
gr qrw edodqfh wkhlu exgjhwv1 Vr zh duh ohg wr frqvlghu d jhqhudol}hg jdph zlwk
vwudwhj| vhwv wkdw ghshqg rq rwkhuv* fkrlfhv1 Zh ghqh wkh ihdvleoh vwudwhj|0vhw ri
hdfk w 5 +k  4> k` ri w|sh k e|=
E0 +t> {,  E+%, _ E+s+%> t> {,> u+%> t> {,> h > p ,=
+Khuh +t> {,  vwudwhj| vhohfwlrq> +h > p , duh w*v lqglylgxdo fkdudfwhulvwlfv>
E+s+%> t> {,> u+%> t> {,> h > p , lv mxvw wkh exgjhw0vhw ghqhg hduolhu1, Jlyhq wkh mrlqw
vwudwhjlhv +t> {,/ hdfk w 5 ^k  4> k, jhwv wkh sd|r x +{ ,1
Zh ghqh dq %0PH wr eh d w|sh0v|pphwulf vwudwhjlf htxloleulxp ri wklv jhqhudol}hg
jdph J0 1 Zh vkdoo vkruwo| suryh wkdw %0PH h{lvwv1
Qrwlfh wkdw/ dw dq| %0PH/ +4, zh kdyh d sk|vlfdoo| forvhg v|vwhp/ lq zklfk doo wkh
prqh| ru jrrgv vhqw wr pdunhw duh frqvhuyhg dqg uhglvwulexwhg dprqj krxvhkrogv
dqg wkh h{whuqdo djhqw> +5, doo krxvhkrogv ylhz s+%> t> {,/ u+%> t> {, dv {hg/ vlqfh wkhlu
lqglylgxdo yhfwru t  grhv qrw dhfw wkh lqwhjudo t  lqyroyhg lq iruplqj sulfhv> +6, hdfk
krxvhkrog fkrrvhv rswlpdo vwudwhjlhv +t > { , lq klv wuxqfdwhg exgjhw0vhw +zklfk mxvw
frqvlvwv ri wkrvh yhfwruv lq klv vwdqgdug exgjhw0vhw wkdw duh ri vl}h  4@% lq hdfk
frpsrqhqw,1
S
S
Il{  A P . p
 dqg  A MM Mu h / dqg fkrrvh % vpdoo hqrxjk wr hqvxuh
wkdw P . p
 . O% ?  ? 4@% dqg  ? 4@%1 Ghqh
xW @ x +> ===> ,

dqg ohw W eh fkrvhq wr jxdudqwhh wkdw

x +3> ===> 3>  W > 3> ===> 3, A xW

iru W lq dq| frpsrqhqw1 +Z1o1r1j14; zh pd| vxssrvh wkdw vxfk d W h{lvwv1,
Ohw E W +%, @ ++E+%,,M 1
Ghqh wkh lqglylgxdo ehvw uhso| +ghpdqg, fruuhvsrqghqfh #0 = E W +%,  E+%,
e|
{ , = +
t > {
 , 5 E0 +t> {,j
# 0 +t> {, @ duj pd{ix +
iru k 5 K> dqg wkhq ghqh # 0 iurp E W +%, wr lwvhoi e|
# 0 @ # 0      #M
0 =
Fohduo| E0 +t> {,  E+%, _ E+s+%> t> {,> u+%> t> {,> h > p , lv qrq0hpsw|/ frpsdfw/ dqg
frqyh{1 Rq dffrxqw ri wkh h{whuqdo djhqw*v %/ sulfhv s+%> t> {, duh dozd|v srvlwlyh/
dqg vlqfh h 9@ 3/ E0 +t> {, lv d frqwlqxrxv fruuhvsrqghqfh lq +t> {,1 Khqfh hdfk #  lv
qrq0hpsw|/ frqyh{/ dqg xsshu vhpl0frqwlqxrxv1
Ohw  eh wkh fxeh lq Uu
vlghv ri ohqjwk #1 Uhfdoo  G  < U lv vwulfwo| lqfuhdvlqj lq wkh
n zlwk

yduldeohv % iru  M u1 Ghqh 
 G Uu
n < - e|  E+ '?utu% E+ G % M / u% lv dq d!qh ixqfwlrq
uhsuhvhqwlqj d vxssruwlqj k|shusodqh wr wkh judsk ri  dw wkh srlqw E%c  E%1 Wkhq lw lv fohdu
wkdw +d, 
 lv frqfdyh dqg vwulfwo| prqrwrqlf/ dqg frlqflghv zlwk  rq / khqfh PH ri rxu hfrqrp|
duh xqdowhuhg li zh uhsodfh  e| 
 > dqg +e, wkhuh h{lvwv d # W vxfk wkdw 
 Efc c fc # W c fc c f : W
W
iru # lq dq| frpsrqhqw1
4;
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E| Ndnxwdql*v Wkhruhp #0 kdv d {hg srlqw +t+%,> {+%,,  +t  +%,> { +%,,MM /
zlwk lqgxfhg sulfhv s+%,/ u+%,1 Wkh yhfwru ks+%,> u+%,> t+%,> {+%,l zloo eh fdoohg dq
%0PH1 Vhohfw d vxevhtxhqfh ri %0PH dv % $ 3 wr hqvxuh wkdw doo lwv frpsrqhqwv dqg
doo udwlrv ri doo frpsrqhqwv frqyhujh +srvvleo| wr }hur ru lqqlw|,1
 +%, ?  ? 4@% +ehlqj exgjhw ihdvleoh/ k pxvw uhwxuq t  +%, wr
Qrwh wkdw tK6
K6
 +%,  wrwdo
wkh edqn/ dqg wkhuh lv dw prvw  xqlwv ri prqh| lq wkh hfrqrp|,/ t6
 +%,  h ?  ? 4@% dqg { +%, ?  ? 4@% iru
h{shqglwxuh dfurvv pdunhwv ? / t6


c 5 O1 Vlqfh wkh olplwv rq wkhlu rswlpdo dfwlrqv duh qrw elqglqj/ dqg wkhlu xwlolwlhv
duh frqfdyh/ zh rewdlq
Vwhs 4 Iru vx!flhqwo| vpdoo %/ +t  +%,> { +%,, lv rswlpdo lq E+s+%,> u+%,> h > p ,/ qrw
mxvw lq E0 +t+%,> {+%,,1
Vwhs 5 u+%,  3/ iru vx!flhqwo| vpdoo %1
 +%, e| d srvlwlyh  rewdlqlqj
Surri Vxssrvh u+%, ? 31 Wkhq ohw k lqfuhdvh tK6
3

+4 . u+%,, A  xqlwv ri edqn prqh|1 Ohw klp lqyhqwru|  wr uhsd| wklv dgglwlrqdo
ordq dqg vshqg wkh vxusoxv wr ex| c 5 O1 Wklv lpsuryhv klv xwlolw|/ frqwudglfwlqj
Vwhs 41

Vwhs 6 u+%,  +p
 . O% . %,@P ? +4 . p,@P

 u/ iru vpdoo hqrxjk %1
Surri Vlqfh doo krxvhkrogv duh exgjhw ihdvleoh/ doo wkhlu ghewv wr wkh edqn duh
krqruhg1 Vr qr pruh wkdq P . p
 . O% erqgv frxog kdyh ehhq vrog e| krxvhkrogv1
Dqg wkh h{whuqdo djhqw vhoov rqo| % erqgv/ vr 4 . u  +P . p
 . O% . %,@P1
Vwhs 7 Iru vpdoo hqrxjk %/ s& +%,@s +%,   W +4 . u,@hW iru doo n> c 5 O/ zkhuh
hW  plqMu pd{MM h / dqg u lv dv lq Vwhs 61
 @ s +%,h / t  @ h /
Surri Frqvlghu k zlwk h& @ pd{ih& = l 5 Kj A 31 Ohw tK6
&
& &6
&



t6 @ s& +%,h& @+4 . u+%,, dqg doo rwkhu frpsrqhqwv ri t @ 31 Iurp klv vdoh ri n/ k
 1 Vr wklv dfwlrq lv
rewdlqv s& +%,h& xqlwv ri prqh|/ dqg lv deoh wr uhsd| wkh ordq tK6
lq klv xqwuxqfdwhg exgjhw vhw/ dqg +e| Vwhs 4, fdqqrw lpsuryh klv sd|r1 Exw klv
frqvxpswlrq ri c yld wklv dfwlrq lv dw ohdvw s& +%,h& @++4 . u+%,,s +%,, zklfk pxvw eh
ohvv wkdq W +rwkhuzlvh k jhwv pruh wkdq xW xwlolw|/ d frqwudglfwlrq,1 Uhfdoolqj iurp
Vwhs 6 wkdw u+%,  u/ Vwhs 7 iroorzv1

Vwhs 8 Ohw pW @ pd{ip = k 5 Kj1 Wkhq/ iru vpdoo hqrxjk %/
pW
 s +%,=
W
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Surri Lw lv fohdu wkdw xW lv dq xsshu erxqg rq wkh xwlolw| ri k dw dq %0htxloleulxp
+iru vpdoo hqrxjk %,1 Exw li s +%, ? pW @ W / wkhq dq| djhqw k zlwk p @ pW fdq
vshqg doo klv sulydwh hqgrzphqw ri prqh| wr sxufkdvh c/ frqvxplqj dw ohdvw  W ri c/
dqg wkxv rewdlqlqj pruh wkdq xW xwlohv/ d frqwudglfwlrq1
Vwhs 9 s +%, < 4 iru dq| c 5 O1
Surri Vxssrvh
vrph s +%, $ 41 E| Vwhs 7/ s& +%, $ 4 iru doo n 5 O1 Vlqfh
S
 +%,, zh rewdlq t  +%, $ 3 iru doo k 5 K dqg n 5 O/ dqg khqfh
s& +%, ? @+ MM t&6
&6
S
{ +%, $ h iru doo k 5 K1 Ohw sa +%, @ s +%,@ &Mu s& +%, iru c 5 O dqg sa @ olp sa+%,1
E| Vwhs 7/ sa 31 Zh dovr nqrz wkdw +vhh Vwhs 6, u  olp u+%,  p@P1

Frqvlghu wkh frqvxpswlrq ihdvleoh exgjhw vhwv E +s+%,> u+%,> h > p ,1 E| krpr0
jhqhlw|/
3
4

E
F
 > [p
F=
s
a
+%,>
u+%,>
h
E +s+%,> u+%,> h > p , @ E E
C
D
s& +%,

Mu
S


3/ h 9@ 3/ dqg p @ Mu s& +%, $ 3/ zh kdyh +e| d vwdqgdug

Vlqfh sa+%, $ sa
dujxphqw, wkh vhw frqyhujhqfh

s> u> h > 3,=
E +s+%,> u+%,> h > p , $ E +a
Khqfh/ vlqfh { +%, lv x 0rswlpdo lq E +s+%,> u+%,> h > p ,/ olp { +%, @ h pxvw eh x 0
s> u> h > 3,1 Wkhuhiruh +a
s> h, lv Zdoudvldq iru wkh hfrqrp| +yo > h ,MM /
rswlpdo lq E +a




zkhuh yo +{,  x +h .+{h ,+u,,1 E| Ohppd 6/ wkhuh duh qrw jdlqv0wr0u0glplqlvkhg
wudgh dw h/ zlwk uhvshfw wr wkh xwlolwlhv +x ,MM 1 Khqfh +h,  u/ exw e| Vwhs 6/
u  p@P/

dqg vr +h,  p@P

/ frqwudglfwlqj wkh jdlqv0wr0wudgh k|srwkhvlv1
Vwhs : Doo pdunhwv fohdu dw ks> u> t> {l  olp0<f ks+%,> u+%,> t+%,> {+%,l=
Surri E| Vwhsv 5 dqg 6/ 3  u  olp+p
 . O%@P, @ p@P

? 4/ dqg e| Vwhsv 8
dqg 9/ 3  s  41 E| ghqlwlrq/ doo pdunhwv fohdu dw dq %0PH/ rqfh zh lqfoxgh
wkh dfwlrqv ri wkh h{whuqdo djhqw1 Exw vlqfh klv dfwlrqv jr wr }hur/ dqg doo sulfhv duh
qlwh dqg srvlwlyh/ lw iroorzv wkdw pdunhwv fohdu zlwkrxw wkh h{whuqdo djhqw dw wkh
olplw ks> u> t> {l1
Vwhs ; Dq PH h{lvwv1
Surri Xwlolw| pd{lpl}dwlrq dw ks> u> t> {l iroorzv iurp wkh frqwlqxlw| ri x wkdw lw

lv wkh xsshu vhpl0frqwlqxlw| dqg orzhu vhpl0frqwlqxlw| ri E 1
Vwhs < Dw dq| PH ks> u> t> {l ri +H> p> P,/ u @ p@P=

Surri Wklv zdv suryhg mxvw diwhu wkh ghqlwlrq ri PH lq Vhfwlrq 4191
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Surri ri wkh Fruroodu| Iluvw frqvlghu

Sfdvh +e,1 E| Wkhruhp 4/ u+n, @ p+n,@P+n,/
khqfh u+n, $ 31 Ghqh sa +n,  s +n,@  Mu s +n, iru c 5 O1 Lw lv hdvlo| yhulhg wkdw
{ lv Zdoudvldq zlwk sulfhv sa  olp sa+n,1
Qh{w frqvlghu fdvh +d,1 Li ks> u> t> {l lv dq PH/ wkhq u pxvw eh }hur +e| dq dujx0
phqw dqdorjrxv wr Vwhs 5,/ khqfh ks> {l
S lv Zdoudvldq1 Rq wkh rwkhu kdqg li ks> {l lv
Zdoudvldq/ fkrrvh  A 3 vr wkdw s  MM 1 Wkhq +s> {, lv dfklhyhg dw dq PH e|
ohwwlqj hdfk k eruurz dqg vshqg s  h wr ex| wkh jrrgv { 1 Wkhvh dfwlrqv fohduo|
frqvwlwxwh dq PH1

Uhpdunv
Gursslqj Vwulfw Prqrwrqlflw|= wkh KdylqjZdqwlqj Fkdlq Lw lv lpsruwdqw
wr qrwh wkdw vwulfw prqrwrqlflw| ri x lq hyhu| frpprglw| fdq eh gursshg iurp wkh
k|srwkhvhv ri rxu prgho1 Zkdw lv qhhghg lv d yhuvlrq ri uhvrxufh uhodwhgqhvv1 Zh
irupxodwh wklv lq whupv ri d kdylqjzdqwlqj fkdlq1 Li h A 3/ vd| wkdw djhqw k kdv
c> dqg li x +{, lv hyhu|zkhuh vwulfwo| lqfuhdvlqj lq wkh yduldeoh { / vd| wkdw djhqw
k zdqwv c1 Frqvlghu d gluhfwhg judsk rq qrgh0vhw O zlwk duf +c> n, li wkhuh h{lvwv dq
djhqw k zkr kdv c dqg zdqwv n1 Rxu h{lvwhqfh wkhruhp krogv li zh dvvxph iru hyhu|
+c> n, lq O  O/ zlwk c 9@ n/ wkdw wkhuh lv d gluhfwhg sdwk +fkdlq, iurp c wr n1 Wkh
rqo| fkdqjh uhtxluhg lv lq wkh surri ri Vwhs 7/ zklfk zh qrz lqglfdwh1
H{dfwo| dv lq wkh surri ri Vwhs 7/ li duf +c> n, h{lvwv wkhq wkh xsshu erxqg ri Vwhs
7 lv ydolg1 Vlqfh dq| wzr jrrgv c dqg n duh frqqhfwhg e| d fkdlq ri ohqjwk dw prvw
O  4/ + W +4 . u,@hW ,u3 zloo eh dq xsshu erxqg iru s +%,@s& +%, +iru hyhu| +c> n, lq
O  O,1
Irufhg Vdohv ri Frpprglwlhv Iru 3 ?   4/ ghqh dq 0PH h{dfwo| olnh dq
PH/ exw zlwk frqglwlrq +6, ri wkh exgjhw vhw dphqghg wr uhdg
  h =
h  t6


Wkhq dq 0PH h{lvwv zlwkrxw wkh jdlqv0wr0wudgh k|srwkhvlv1 Wr vhh wklv/ uhshdw wkh
surri ri Wkhruhp 4 xs wr Vwhs 8 +exw zlwk krxvhkrogv
ehlqj irufhg wr reh| wkh
S
deryh lqhtxdolw|, dqg wkhq qrwlfh wkdw s +%,  @ MM h / vr s+%, < 4/ khqfh
wkh olplw lv dq 0PH1 Wkh fdvh  @ 4 fruuhvsrqgv wr wkh k|srwkhvlv pdgh lq Oxfdv
^5;` dqg PdjlooTxlq}ll ^63`1 Wkhruhp 4 vkrzv wkdw prqh| kdv ydoxh hyhq zlwkrxw
vxfk 0irufhg vdohv1
Surri ri Wkhruhp 6 Vhh Gxeh|Jhdqdnrsorv ^:`1



Surri ri Wkhruhp 7 Wkh surri wkdw +{,  u uholhv rq surshuwlhv ri wkh frvw
ixqfwlrq Fo zklfk duh ri lqwhuhvw rq wkhlu rzq1 Uhfdoo wkdw iru dq| wudgh yhfwru
 5 Uu / W   @ pd{i3>   j ghqrwhv sxufkdvhv/ dqg W   @  plqi3>   j ghqrwhv vdohv>
dqg wkdw zh ghqhg wkh suhvhqw0ydoxh frvw ixqfwlrq Fo = Uu
n  Un $ U e|
Fo +s>  ,  s  W  

4
4
s  W @
^s   . us  W  `=
4.u
4.u
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Uhfdoo dovr wkdw zh ghqhg  +, 


n

W   W   / iru dq|   31

Ohppd 7 Wkh frvw ixqfwlrq Fo +s>  , lv frqwlqxrxv/ frqyh{ lq  / krprjhqrxv ri
ghjuhh rqh lq s dqg  vhsdudwho|/ dqg vdwlvhv
Fo +s>  . ,  Fo +s>  , . Fo +s> ,
s
Fo +s>  +u,, @
 Fo +s>  ,
4.u
iru dq| wudgh yhfwruv  >  5 Uu / dqg dq| s  3/ u  31
Surri ri Ohppd 7 Frqwlqxlw| dqg krprjhqhlw| duh hylghqw/ dv lv wkh vhfrqg glv0
sod|hg lqhtxdolw|1 Frqyh{lw| lq  dqg krprjhqhlw| lq  jxdudqwhh wkh uvw lqhtxdolw|1
Wr yhuli| frqyh{lw| lq  / zulwh
Fo +s>  , @

4 [
s ^  . u pd{i  > 3j`=
4.u
Mu

Wkh cwk whup lv frqyh{ lq   / iru hdfk c 5 O/ khqfh Fo lv frqyh{ lq  1 Ilqdoo|/ wkh
htxdolw| lv vwudljkwiruzdug iurp wkh ghqlwlrqv1

Zh duh qrz uhdg| wr suryh Wkhruhp 71
Li p
 @ 3/ wkh wkhruhp iroorzv iurp Fdvh +d, ri wkh Fruroodu|1 Vr dvvxph p
 A 31
Qrwh wkdw wklv lpsolhv/ e| Wkhruhp 5/ wkdw u A 31
Zh vkrz uvw wkdw +{,  u1 Li +{, A u/ wkhq
Swkhuh h{lvw jdlqv0wr0u0glplqlvkhg0
wudgh dw {/ l1h1/ wkhuh h{lvw +  ,MM vxfk wkdw MM   @ 3/ { .   5 Uu
n dqg
x +{ .   +u,, A x +{ , iru k 5 K1 Lw iroorzv wkdw iru vrph k/ s     3/ zkhuh
s lv wkh PH sulfh yhfwru1 Iurp Ohppd 7 zh pxvw wkhq kdyh Fo +s>   +u,,  31 Ohw
 @ {  h eh wkh PH wudgh ri krxvhkrog k1 Iurp Ohppd 4/ Fo +s> ,  p 1 E|
Ohppd 7/
Fo +s>  .   +u,,  Fo +s>  , . Fo +s>   +u,,  p >
khqfh e| Ohppd 4 djdlq/ { .   +u, @ h .  .   +u, 5 E +s> u> h > p ,1 Exw wklv
frqwudglfwv wkh rswlpl}dwlrq ehkdylru ri k lq wkh PH1
Wr vkrz wkdw +{, @ u xqghu wkh uhjxodulw| frqglwlrq/ lw lv xvhixo wr frqfhqwudwh
rq dfwlyh krxvhkrogv k/ qdpho| krxvhkrogv wkdw eruurz prqh|/ vhoo jrrgv/ dqg ex|
rwkhu jrrgv1 E| wkh uhjxodulw| frqglwlrq/ qr dfwlyh krxvhkrog frqvxphv }hur xqlwv ri
dq| frpprglw| kh lv srvlwlyho| hqgrzhg zlwk1
Vlqfh doo ri wkh edqn prqh| P A 3 lv eruurzhg dw wkh PH +vhh frqglwlrq +;,,/
  A 31 Vlqfh wkh
wkhuh h{lvwv dw ohdvw rqh krxvhkrog k zlwk eruurzhg prqh| p
lqwhuhvw udwh u @ p@P

A 3/ hyhu| krxvhkrog k vshqgv doo wkh prqh| rq kdqg +l1h1/
p
  . p , rq sxufkdvhv dw wkh PH1 Khqfh k frxog qrw eh krduglqj prqh|/ dqg vr
kh pxvw eh vhoolqj jrrgv wr uhsd| wkh edqn/ l1h1/ k lv dq dfwlyh vhoohu1 Vxssrvh k
ex|v c2 dqg vhoov c 1 Vlqfh u A 3/ k lv qrw lqgxojlqj lq zdvk vdohv/ l1h1/ ex|lqj dqg
vhoolqj wkh vdph frpprglw|1 Wkhq vrph rwkhu krxvhkrog k2 pxvw eh vhoolqj c2 / dqg
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lq wklv fdvh kh wrr pxvw eh eruurzlqj prqh| iurp wkh edqn +rwkhuzlvh/ zk| vhooB,
dqg vshqglqj lw rq sxufkdvhv ri vrph frpprglw| rwkhu wkdq c2 1
Frqvlghu d gluhfwhg judsk zlwk d qrgh iru hdfk frpprglw|> dqg duf +c> n, 5 O O
li wkhuh h{lvwv dq dfwlyh krxvhkrog zkr ex|v n dqg vhoov c1
Zh kdyh vkrzq wkdw wkhuh h{lvwv dw ohdvw rqh duf> dqg wkdw li wkhuh lv dq lqfrplqj
duf dw dq| qrgh/ wkhuh pxvw dovr eh dq rxwjrlqj duf dw wkdw qrgh1 Vlqfh O lv qlwh/
wkhuh lv d f|foh +c > c2 ,> ===> +c > cn ,> ===> +c? > c , dqg dfwlyh krxvhkrogv k > ===> k? vxfk
wkdw k ex|v cn dqg vhoov c +zlwk c?n  c ,1
Wkh uhjxodulw| frqglwlrq lpsolhv +dv glvfxvvhg lq Vhfwlrq 8,
un +{ ,
sn

@

+4 . u,u +{ ,
s

iru l @ 4> ===> q1 Frqvlghu dq| vfdodu  ? u1 Wkhq iru vpdoo hqrxjk %/ krxvhkrog k
zrxog ehqhw e| vhoolqj %sn pruh xqlwv ri frpprglw| c / dqg ex|lqj %s pruh
xqlwv ri frpprglw| cn exw frqvxplqj rqo| %s @+4 .  , pruh xqlwv ri cn +vlqfh
 ? u/ dqg dw u kh lv lqglhuhqw,1
Vr ghqh wudghv dffruglqjo| rq wkh f|foh/ l1h1/ ohw
;
? %sn li c @ c



li c @ cn
+w , @ %s
=
3
rwkhuzlvh
iru l @ 4> ===> q1 Iru vpdoo hqrxjk %/ wkh +w ,?' frqvwlwxwh d ihdvleoh wudgh dw
{ @ +{ ,MM dqg zh kdyh
 ,, A x +{ ,
x +{ . w +
iru l @ 4> ===> q1 Wklv vkrzv wkdw wkhuh duh jdlqv0wr0
 0glplqlvkhg wudghv dw {/ l1h1/
+{, A  iru doo  ? u/ surylqj Wkhruhp 61


A 31
Surri ri Wkhruhp 9 Vxssrvh k+s> u,> +t  > { ,MM l lv dq PH1 Wkhq u @ p@P
Frqvlghu d f|foh +c > c2 ,> ===> +c? > c , lq zklfk krxvhkrog k ex|v frpprglw| cn dqg
vhoov frpprglw| c +zlwk c?n  4,1 Dv vkrzq lq wkh surri ri Wkhruhp 7/ vxfk d
 +ru/ u,
 ghqrwh ohiw +ru/ uljkw, kdqg ghulydwlyh/
f|foh dozd|v h{lvwv1 Wkhq/ ohwwlqj u
zh pxvw kdyh
   +{ ,
  +{ ,
u
u
n
 +4 . u, 
sn
s
iru l @ 4> ===> q> rwkhuzlvh k zrxog gr ehwwhu wr uhgxfh erwk klv sxufkdvh ri cn dqg
wkh frqfrplwdqw vdoh ri c +e| d olwwoh,1 Khqfh
   +{ ,
u
n

s
 +4 . u, n


s
  +{ ,
u


7:

iru l @ 4> ===> q1 Wdnlqj surgxfwv ri wkh ohiw dqg uljkw vlghv/ zh rewdlq
*?

? s
W
?
 +4 . u,4
4 .  +h,  +4 . u, [
' sn
zklfk lpsolhv
W +h,  u
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